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1.1 The Schrodinger Equation

Imagine a particle of mass m, constrained to move along the x axis, subject to some specified force F'(x, )
(Figure 1.1). The program of c/assical mechanics is to determine the position of the particle at any given time:
Xx(f). Once we know that, we can figure out the velocity (v = dx /dt), the momentum (p =mv), the
kinetic energy (T =:(1 /2)"1 1,»2), or any other dynamical variable of interest. And how do we go about
determining x(f)? We apply Newton’s second law: ' — ;4. (For conservative systems—the only kind we
shall consider, and, fortunately, the only kind that occzr at the microscopic level—the force can be expressed as
the derivative of a potential energy function,, F =—dV/dx, and Newton’s law reads
m d*x/dt? = —idV /dx-) This, together with appropriate initial conditions (typically the position and
velocity atf — (), determines x(f).
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Figure 1.1: A “particle” constrained to move in one dimension under the influence of a specified force.

Quantum mechanics approaches this same problem quite differently. In this case what we're looking for
is the particle’s wave function, W/(x, t ), and we get it by solving the Schrédinger equation:
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Here i is the square root of — | , and }; is Planck’s constant—or rather, his original/ constant (4) divided by 27:
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(1.2)

The Schrédinger equation plays a role logically analogous to Newton’s second law: Given suitable initial
conditions (typically, ¥(x, (), the Schrodinger equation determines W (x, ¢) for all future time, just as, in
classical mechanics, Newton’s law determines x (£ ) for all future time.2
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A total of five papers in 1926

1926. M 6.

ANNALEN DER PHYSIK.

VIERTE FOLGE. BAND 79.

1. Quantisierung als Eigenwertproblem;
von E, Schrédinger,
(Zweite Mitteilang.)?)

§ 1. Die Hamiltonsche Analogie zwischen Mechanik und Optik.

Bevor wir daran gehen, das Eigenwertproblem der Quanten-
theorie fiir weitere spezielle Systeme zu behandeln, wollen wir
den allgemeinen Zusammenhang niher beleuchten, welcher
zwischen der Hamiltonschen partiellen Differentialgleichung
(H.P.) eines mechanischen Problems und der ,zugehdrigen®
Wellengleichung, d. i. im Falle des Keplerproblems der Glei-
chung (5) der ersten Mitteilung, besteht. Wir hatten diesen
Zusammernhang vorliufig nur kurz seiner #uBeren analytischen
Struktar nach beschrieben durch die an sich unverstindliche
Transformation (2) und den ebenso unverstindlichen Ubergang
von der Nullsetzung eines Ausdrucks zu der Forderung, daB
das Raumintegral des niimlichen Ausdruckes stationdr sein soll.?)

Der innere Zusammenhang der Hamiltonschen Theorie
mit dem Vorgang der Wellenausbreitung ist nichts weniger
als neu. Er war Hamilton selbst nicht nur wohlbekannt,
sondern bildete fir ihn den Ausgangspunkt seiner Theorie der
Mechanik, die aus seiner Optik inhomogener Medien hervor-
gewachsen ist.?) Das Hamiltonsche Variationsprinzip kann

1) Siehe diese Annalen 79. S. 861, 1926. Es ist zum Verstiindnis
nicht urbedingt nitig, die erste Mitteilung vor der zweiten zu lesen.
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With reference to the origin of the Schrédinger equation, the American Nobel
laureate Richard Feynman noted:

Where did we get that [Schrédinger’s equation] from? Nowhere. It is
not possible to derive from anything you know. It came out of the
mind of Schrodinger, invented in his struggle to find an understanding

of the experimental observation of the real world (Feynman et al., 1965,
chapter 16, p. 12).

For an historian, this answer is unsatisfying. What exactly was the knowledge
on which the Schrodinger equation was based? If it were just some contemporary
experimental findings that it describes, how come then that this equation serves to
this day in accounting for ever new phenomena that could not have been known to
Schrodinger? And what was going on in Schrodinger’s mind, on which intellectual
resources did he draw to formulate his consequential equations?

Brwin Schrsdinger
*ILVIIL. 188F + 4.1.1561

RAnnemarie Schrsdinger
*31.X11.1838 + 3 X.I1565

B W

Abbildung 2. Tombstone of Annemarie and Erwin Schrodinger (1887-1961) with the
Schrodinger equation i) = Htp in =~~~ =station. Photo by C. Joas, 2008.
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¥ = Alcos(kx — wt)] (HE{EN HBHEE TR g A HE

Starting from (1), we build a superposition in which the particle has
an equal probability of being found moving in the + x and the — x

directions. Such a state must exist, and we build it by adding two
waves of type (1):

W (x, t) =cos(kx — wt) + cos(kx + wt) = 2 cos kx cos wt. (3.1.3)

This choice 1s no good; it also vanishes identically when wt=7%, 31, .. ..
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Yyi=000m.y2=000m, yi+y2=000m, 7 =1.008,t=000s,
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W(x,t) = Ae'lkx—wt)

(iii) Let’s try a similar superposition of exponentials from (3), with both having the same
time dependence:

l-I’(X, E) = ei(kx_")t) _I_ei(—kX—(ut)
— (eikx + e—ikx) e—i(ut (314)
—iwt

= 2coskxe

This wave function meets our criteria! It is never zero for all values of x because e—it is
never zero.
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e® = cosO + isinf

Euler’s Formula FE BN FE S kL
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Carl Friedrich Gauss (1777—1855)
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hw and p = hk. Let’s assume our wave is propagating in the + x direction. All the following
are examples of waves that could be candidal g .ensnot 'article wave function:

1. sin (kx — wt),

2. cos (kx — wt),
3. eitkx—wt) = pikxp—ivt (fixed time dependence x e~it),
4, e~ikx—wt) = p-ikxpiot (fixed time dependence « e*+it),
The third and fourth options use time dependences with opposite signs. We will use
superposition to decide which of these four candidates is the right one. Let’s take them one
by one:

(i) Starting from (1), we build a superposition in which the particle has an equal probability

of being found moving in the + x and the — x directions. Such a state must exist, and we
build it by adding two waves of type (1):

W (x, t) =sin (kx — wt) + sin (kx + wt). (Selsl)
Expanding the trigonometric functions, this can be simplified to

W (x, ) = 2sinkx coswt. (3.1.2)

But this result is not sensible. The wave function vanishes identically for all x at the
special times ot=7%,%,%,.... A wave function that is zero all over space at some particular
time cannot represent a particle. Thus, (1) is not a good candidate.



(iii) Let’s try a similar superposition of exponentials from (3), with both having the same
time dependence:

\p(x’ t) = ei(kx—wt) _l_ei(—kx—wt)
— (eikx +e—ikx) e—iwt (3.1.4)
— 2coskxet,

This wave function meets our criteria! It is never zero for all values of x because et is
never zero.

free-particle wave function: W(x,t) = ¢®-b, (3.1.7)




The wave function W, represents a state of definite momentum. We now look for an operator
that extracts the value of the momentum from the wave function. The operator, to be called
the momentum operator, must involve a derivative with respect to x, as this would bring down a
factor of k from the exponential. More precisely, we can see that

ha

T3y D) = —(lk)‘ljp(x t) = hkWp(x,t) = pW¥p(x, 1), (3.2.3)

where the p factor in the last right-hand side is in fact the momentum of the state. We thus
identify the operator %% as the momentum operator p:

T ox

. h
p_l

d
ey (3.2.4)

We have verified that acting on the wave function W, (x, t) describing a particle of momentum
p, the operator j gives precisely the number p times the wave function:

Begin with the product of the energy times the wave function W,:
> p _ P R
Ev, = o —V, = o (pYp) = TRET: W, (3.2.7)

where we used equation (3.2.5) to write pW, as the momentum operator acting on W,. Since
the remaining p on the last expression is a constant, we can move it across the derivative until
it is close to the wave function, at which point we replace it by the momentum operator:



This can be written as

1 .. P

which suggests the following definition of th
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E = ﬁ f— —%@. (3.2.10)

Indeed, with this definition, (3.2.9) shows that

Ev, =Ey, (3.2.11)

as befits the energy operator. The state W, is a state of definite energy E, the eigenvalue of the
energy operator.

Let us now find a differential equation for which our de Broglie wave function is a solution.
First, we note that a suitable time derivative also extracts the energy eigenvalue from W,.
Using (3.2.1), we find that

ih%\llp(x, t) = ii(—iw)Wp(x,t) = ho Vp(x,t) = EV)(x,1). (3.2.12)

We can now replace the final right-hand side EW, by E W,, giving us a differential equation
satisfied by W,:

d 2

ih —V,(x,t) = ———V,(x, 1). 3.2.13

ot p(x 1) 2m 9x2 p 1) ( )
Since the momentum p appears only in the wave function, we are inspired by this differential
equation to think of it more generally as an equation for general wave functions W(x, t) of a
free particle:

ih 9 WX, 1) = R o° W(x,t) (3.2.14)
ot 7 2maoax2 T o

This inspired guess is the free-particle S~h+*di-~~r equation. Schematically, using the

Sereenshnt



Note that the Schrodinger equation admits solutions that are more general than the de
Broglie wave function for a particle of definite momentum and energy. This often happens in
physics. Limited evidence leads to some equation that happens to contain much more physics
than the unsuspecting inventor ever imagined. Since the equation we wrote is linear, any
superposition of plane wave solutions with different values of k is a solution. Take, for
example,

U(x,t) =a; é&ix—o1d 4 g, JKx—w3l) (3.2.18)

where a; and a, are arbitrary complex numbers, and k; # k,. This is a solution provided the
pairs (k;, w1) and (ky, w,) each satisfy (3.2.17). While each summand is a state of definite
momentum, the total solution is not a state of definite momentum. Indeed,

and the right-hand side cannot be written as a number times W(x, t). The full state is not a
state of definite energy either. The general solution of the free Schrodinger equation is the
most general superposition of plane waves:

W(x,t) = f dk & (k) ¢ kx—o®D (3.2.20)

where @ (k) is an arbitrary function of k that controls the superposition, and we have written
w(k) to emphasize that w is a function of the momentum, as in (3.2.17). The momentum
eigenstate plane waves W, are not localized in space; they are nowhere vanishing. General
superpositions, as in the above expression, can be made to represent localized solutions by
choosing a suitable @ (k). In that case they are said to describe wave packets.



We now have the tools to evolve in time any initial state of a free particle: given the initial
wave function W(x, 0) at time zero, we can obtain W(x, t). (This is a preview of a more
detailed discussion to come in section 4.3.) Indeed, if we know W(x, 0), we can write:

W(x,0) = / dk @ (k) e, (3.2.22)

where ®(k) is, by definition, the Fourier transform of W(x, 0). The Fourier transform ®(k)
can be calculated in terms of W(x, 0). Once we know ®(k), the time evolution simply requires
the replacement

wviasweniny wudintinivechammcos

okx _  oikx p—iw (K)t (3.2.23)

in the above integrand so that the answer for the time evolved W(x, t) is in fact given by
(3.2.20).
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Schrodinger Wave Equation
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Consider a wave packet formed by using the wave function
Ae~® where A is a constant to be determined by normaliza-
tion. Normalize this wave function and find the probabilities
of the particle being between 0 and 1/a, and between 1/«
and 2/a.

Strategy This wave function is sketched in Figure 6.1. We
will use Equation (6.8) to normalize ¥. Then we will find
the probability by using the limits in the integration of
Equation (6.7).

Solution If we insert the wave function into Equation
(6.8), we have

Wave function

Position

Figure 6.1 The wave function Ae ®¥ is plotted as a function
of x. Note that the wave function is symmetric about x = 0.




Consider a wave packet formed by using the wave function
Ae M where A is a constant to be determined by normaliza-
tion. Normalize this wave function and find the probabilities

of the particle being between 0 and 1/a, and between 1/a
and 2/a.

Strategy This wave function is sketched in Figure 6.1. We
will use Equation (6.8) to normalize W. Then we will find
the probability by using the limits in the integration of
Equation (6.7).

Solution If we insert the wave function into Equation
(6.8), we have

oo
J A2 gx = 1
—00
Because the wave function is symmetric about x = 0, we can
integrate from 0 to oo, multiply by 2, and drop the absolute
value signs on |xI.

* 24 >
QJ’ AQe—an dx=1= —2ax
0 _2(1 0
_A2 A'Z
1=—"@-1)=%=

The coefficient A = Va, and the normalized wave func-
tion ¥ is

V¥ = Vae
We use Equation (6.7) to find the probability of the particle
being between 0 and 1/a, where we again drop the absolute
signs on |x| because x is positive.

1/a
P= J' ae 22 dx
0

ave function

Position

Figure 6.1 The wave function Ae % is plotted as a function
of x. Note that the wave function is symmetric about x = 0.

The integration is similar to the previous one.

1/a 1
P=——¢%x| = _——(¢2—1)~ 0432
—2a 0 2
The probability of the particle being between 1/a and 2/a
is
2/a
P= J ae 2 dx
1/a
2/a
o 1
P= e~ 2ax =——(e* = ¢72) = 0.059
—2a 1/a 2

We conclude that the particle is much more likely to be
between 0 and 1/a than between 1/a and 2/a. This is to be
expected, given the shape of the wave function shown in
Figure 6.1.
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Interference
fringes
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Y, 4+ P2 = k(x: —x
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4|A
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