


Supplement 5 -A

Uncertainty Relations

In our discussion of wave packets in Chapter 2, we noted that there is a relationship be-
tween the spread of a function and its Fourier transform. When the de Broglie correspon-
dence between wave number and momentum is made, the relationship takes the form

ApAx=h

(AMV(ABY =  (ilA, B (5A-11)

For the operators p and x for which
[p,x] = —ih (5A-12)
this leads to

Ap Ax = (5A-13)
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Chapter 9

Matrix Representation
of Operators

Thc original discovery of quantum mechanics is due to W. Heisenberg. He associated
physical quantities like x and p with square arrays of numbers for which he proposed
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Figure 12.2
A magnetic dipole in a nonuniform magnetic field will experience a force. The force points in the
direction for which u - B grows the fastest. In this case the force is downward.
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7.1.1 Rotation spectra of diatomic molecules

Knowledge of the spectrum of the angular-momentum operators enables
us to understand an important part of the dynamics of a diatomic molecule
such as carbon monoxide. For some purposes a CO molecule can be
considered to consist of two point masses, the nuclei of the oxygen and
carbon atoms, joined by a ‘light rod’ provided by the electrons. In this
model the molecule’s moment of inertia around the axis that joins the
nuclei is negligible, while the same moment of inertia I applies to any
perpendicular axis.
In classical mechanics the rotational energy of a rigid body is

2 2 2
(é Iy ‘7—) (7.17)

E=1
I, 1, L

2

where the I, are the moments of inertia about the body’s three princi-
pal axes and J is the angular-momentum vector due to the body’s spin.
We conjecture that the equivalent formula links the Hamiltonian and the
angular-momentum operators in quantum mechanics:

R2/J2  J? g2
H=—(1—1+I—y+l—2>. (7.18)
T y z

The best justification for adopting this formula is that it leads us to results
that are confirmed by experiments.

In the case of an axisymmetric body, we orient our body such that
the symmetry axis is parallel to the z-axis. Then I = I, = I,, and the
Hamiltonian can be written

R (J2 /1 1

From this formula and our knowledge of the eigenvalues of J2 and J,, we
can immediately write down the energies that form the spectrum of H:

Ejm=%2{w+m2 (%—%)} (7.20)
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Figure 7.2 The rotation spectrum of CO. The full lines show the measured frequencies
for transitions up to j = 38 — 37, while the dotted lines show integer multiples of the
lowest measured frequency. Up to the line for j = 22 — 21 the dotted lines are obscured
by the full lines except at one frequency for which measurements are not available.
For j > 22 the separation between the dotted and full lines increases steadily as a
consequence of the centrifugal stretching of the bond between the molecule’s atoms.
Measurements are lacking for several of the higher-frequency lines.
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where j is the total angular-momentum quantum number and |m| < j.
In the case of a diatomic molecule such as CO, I, < I so the coefficient
of m? is very much larger than the coefficient of j(j + 1) and states with
|m| > 0 will occur only far above the ground state. Consequently, the
states of interest have energies of the form

[(l+1
El — hZ(Z—I) (7.21)

For reasons that will emerge in §7.2.1, only integer values of j are allowed.

CO is a significantly dipolar molecule. The carbon atom has a smaller
share of the binding electrons than the oxygen atom, with the result that
it is positively charged and the oxygen atom is negatively charged. A
rotating electric dipole would be expected to emit electromagnetic radi-
ation. Because we are in the quantum regime, the radiation emerges as
photons which, as we shall see, can add or carry away only one unit A of
angular momentum. It follows that the energies of the photons that can
be emitted or absorbed by a rotating dipolar molecule are

h2
Ep ==+ (Ej — Bj1) = +j . (7.22)

Using the relation £ = hr between the energy of a photon and the fre-
quency v of its radiation, the frequencies in the rotation spectrum of the
molecule are

h
In the case of 12CO, the coefficient of j evaluates to 113.1724 GHz and
spectral lines occur at multiples of this frequency (Figure 7.2).

In the classical limit of large j, J = jh is the molecule’s angular
momentum, and this is related to the angular frequency w at which the
molecule rotates by J = Iw. When in equation (7.23) we replace jh by
Iw, we discover that the frequency of the emitted radiation v is simply
the frequency w/2m at which the molecule rotates around its axis. This
conclusion makes perfect sense physically. Now, because of the form of
the Hamiltonian, the energy eigenstates are also the eigenstates of J, and
J?. Therefore in any energy eigenstate, <J 2> = j(j + 1), and for low-
lying states with m = 0 and j ~ O(1), 7(5 + 1) is significantly larger
than j2. Therefore v; in (7.23) is smaller than the frequency at which the
molecule rotates when it is in the upper state of the transition. On the
other hand, v; is larger than the rotation frequency /(j — 1) j% of the
lower state. Hence the frequency at which radiation emerges lies between
the rotation frequencies of the upper and lower states. Again this makes
sense physically. As we approach the classical regime, j becomes large
so j(j + 1) =~ j2 ~ (j — 1)j and the rotation frequencies of the upper
and lower states converge, from above and below, on the frequency of the
emitted radiation.



lllllllllll[lllllll

LN GO T

l 1 gl I lé lE r 1 :l:
4000

1000 2000 3000
v/GHz

o lllllllllll[lllllll

Figure 7.2 The rotation spectrum of CO. The full lines show the measured frequencies
for transitions up to j = 38 — 37, while the dotted lines show integer multiples of the
lowest measured frequency. Up to the line for j = 22 — 21 the dotted lines are obscured
by the full lines except at one frequency for which measurements are not available.
For j > 22 the separation between the dotted and full lines increases steadily as a
consequence of the centrifugal stretching of the bond between the molecule’s atoms.
Measurements are lacking for several of the higher-frequency lines.

Measurements of radiation from 113 GHz and the first few multiples
of this frequency provide one of the two most important probes of inter-
stellar gas.! In denser, cooler regions, hydrogen atoms combine to form
Hs molecules, which are bisymmetric and do not have an electric dipole
moment when they are simply rotating. Consequently, these molecules,
which together with similarly uncommunicative helinm atoms make up
the great majority of the mass of cold interstellar gas, lack readily ob-
servable spectral lines. Hence astronomers are obliged to study the cold
interstellar medium through the rotation spectrum of the few parts in 10°
of CO that it contains.






