
Classification of topological insulator 
and topological superconductor



Symmetry as an 
organizing principle

Topology as an 
organizing principle
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Topological systems we have studied so far:



Symmetries of a Hamiltonian

(1) Time-reversal symmetry (anti-unitary)

1 ,k k TTH T H T U K
 

0    no TRS
TRS =     +1  TRS with

-1  TRS with

2 1T 
2 1T  

(integer spin)

(half-integer spin)

(2) Particle-hole symmetry (anti-unitary)

1 ,k k PPH P H P U K
 

0    no PHS
PHS =     +1  PHS with

-1  PHS with

2 1P 
2 1P  

(odd parity: p-wave)

(even parity: s-wave)

• Unitary symmetry (translation, rotation, reflection …)

• Beyond unitary symmetry

Decompose H to irreducible blocks
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• Bipartite lattices with NN coupling only has 
the chiral symmetry

  1

k kTPH TP H
  

(3) TRS x PHS = Chiral symmetry (unitary)

• Any unitary operator that anticommutes with the band Hamiltonian,

SH(k)S-1 = −H(k), qualifies as a chiral symmetry.

Unitary, but not the usual one

S=TP

S2=1 ,-1 (chose +1)

SSH model

graphene



1930 1940 1950 1960 1970 1980 1990 2000 2010

Cartan, 
symmetry space

Wigner, 
random matrix

Anderson 
insulator

Quantum Hall 
insulator

Topological 
insulator

Dyson,    
3-fold way

Scaling theory 
of localization

A time-line of the periodic table for non-interacting fermions

SOC in 2D 
localization

Altland-
Zirnbauer
classes

Kitaev
periodic 
table

Schnyder et al’s
classification



Connection with the classification of disordered systems

In 3 dimension

First, Anderson localization (Anderson, 1958)



Localized

extended Flow follows the 
increase of L

MIT

Universal scaling function

Wave functions of disordered systems 

in 1D and 2D are localized



Localized states vs extended states

Broadened LL due to 
disorder

Filling factor

Aoki, CMST 2011

The importance 
of localized and
extended  states

Quantum Hall effect (1980)

Abraham et al’s conclusion does not apply
(since QHE is in a different universality class)

[Exception 1]

• Exception (in 2D): Quantum Hall effect, spin-orbit interaction



Ostrovsky’s slide

[Exception 2]



Connection with Random matrix theory



Energy spectra of complex nuclei

Wigner 



Fig from Altshuler’s ppt

level repulsion: 
P(s<<1) ～ sβ

Distribution of NN 
spacing

GOE: T2=1

GUE: T2=0

GSE: T2=-1

Spectral distribution of random matrix

Wigner-Dyson classes

AI

A

AII



Particle-hole symmetry

Altland-Zirnbauer classes

Classifying topological insulator/superconductor using AZ classes



• (3x3-1)+2=10
• 5 non-trivial classes in each dimension

IQH,AQH

2D/3D TI

Kitev chain
Chiral p-wave

Helical p-wave
He-3 B

Bogoliubov
de Gennes

3 internal symmetries

SSH (with 3 
symm)

Cartan’s label



Periodic table: different approaches

1. Continuous systems: Dirac Hamiltonian, Clifford algebra      

Bernard and LeClair, J Phys A 2002

2. Disordered systems: Surface state localization, random matrix 

theory, nonlinear sigma model Ivanov, 9911147, Schnyder et al PRB 2008, 

Ryu et al, NJP 2010

3. Lattice systems: Homotopy theory Schnyder et al PRB 2008,                      

K-theory Kitaev AIP Conf Proc 2009

Related to classification of symmetric spaces (Cartan 1926-27)

4. Response theory, quantum anomaly Ryu et al, PRB 2012

5. …

Bulk-edge correspondence



AIP Conf Proc 2009
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2D/3D TI

IQHE, AQHE

SSH

Kitaev chain, chiral p-wave (spinless)

d+id, d-id SC

helical p-wave (spinful), He 3 

π-flux state

dxy, dx2-y2 singlet SC

TCI

Hidden order in the 
classification of topology
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Space of Qk matrix: 
Grassmannian

“Flattened” Hamiltonian Qk

m

n

Topology of lattice system

For chiral system,





Topological numbers of complex classes

• Class A in even dim: Chern number

• Class AIII in odd dim (with chiral symm): winding number

• The Z numbers in real classes are also related to these two

Note:

†

0

0
k

k
k

q
Q

q

 
  
 



Overview of topological phases

• Symmetry-protected topological (SPT) phase

Fermion Boson

• Integer quantum Hall effect
• Topological insulator
• …

Non-
interacting

Interacting

• Bosonic TI
• Bosonic SC
• … 

• … 

•

Spin

• Haldane’s odd integer-spin chain
• …

A phase of matter with a gap and a symmetry G that protect its topology

• Photonic systems
• Phonons
• Magnons
• …



• Topological-ordered phase

• Fractional quantum Hall effect

• Chiral spin liquid

• Z2 spin liquid (toric code) 

• …

A phase of matter with degenerate GND state, fractional QP, and 
long-range entanglement.

Strongly 
Interacting


