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A. Lattice model (spinless electrons)

H = Z [_t(cjn—i—l,ncmﬂ + CL,nJrlcmn) + h.c.
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I Ok p-wave gap function
H — e(k) 2iAo(sink, + isink,)
—2iAg(sink; — isink,) —e(k)

e(k) = —-Qt(cos ky + cosky,) — (pu — 4t)



Recall QWZ model:

H(k) = HO ' Hm + Hso-; (11)
H() : Eo(k)_
! 2 — cosk,a — cosk,a 0 1
0 —(2 — coskza —coskya) )7 |
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H \ 0 sin kya — 1sinkya
= sin kza + tsink,a 0 '




Compare QWZ model with p-wave model:
2t = —towz, p=—m, and 2:Ay = A.

Choose t=1/2
=M (k)
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=) H(k) — r(2 — —cosk, — CoskyiTz
— 2A¢(sinky7y + sin ky75).

:I:\/M 2 4+ 4A%(sin® k, + sin® k)
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B. Edge state

g _ . .
H(k) = | tk® — | QEA{](,Z{‘; + ik,) u(x) = tanh x
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Localized MF
I'y= FoT

From Fleury’s ppt



Bound states in the vortex of s-wave and p-wave SC

(a) s-wave (b) Chiral p-wave
EH. Ejl.
A(r) =3 “A(r)
“_:é /_ i \ /
“ ==
w=3/2 \1 /
H= (
n= LdE = A2/gp C N/ dE = A%/eg
= u=0 >
= -1/248Y r
p=-1
!‘J' —_-
p=-2
= -5/2 _
H _/ \ = _V \
e i
Half-odd integer level sequence Integer level sequence

« dE~ 1 peV in conventional SC
dE ~ 0.1 meV in iron-based SC

Figs from Machida and Hanaguri,
Prog. Theor. Exp. Phys 2024 (A~ 2 meV, E~10-20 meV)



Ginzburg-Landau theory (1950)

A phenomenological theory of the order parameter W¥(r) (App. | of Kittel)

(Later this can be derived from the BCS theory, see Fetter and Walecka)

« Y(r) is complex-valued. It can be seen as a macroscopic wave function.
W(r)=0 for normal state.

« |t satisfies the Ginzburg-Landau eq

h? " 4 2 q* =—2e
[— - (V — :gA(r)) +a(T)+ b |y(r)| } Y(r) =0 .
» Connection with the gap function Fetter and Walecka
T ML OLIN PN
lIJ(I‘) ~ A(I‘) - 8(‘77'k3 Tc)2 (X)

» Connection with SC electron density and SC current density

SC electron density  p (F) =y (F)

Current density g # . # Y
J= l//*( V—q Ajww(—.v—q Aj y*
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C. Vortex and its bound states

i = .2 [qj (i,iV—q*A)\IJ#—c.c.]

2m* )
h 2¢?
-~ (Ve - eV - 2 |o2A
2ma m

U(r) ~ A(r) if A(r) = |A(r)]e %)

h
m» jx —VE—A
2e
The phase of A is A — A= AeX,
adjustable under the B
gauge transformation then § — & =& —x, )

choose A — A'=A - —Vy.

2e

BdG equation: Hy, A T g [ Un
A* —HE;: Un " Un .

It is invariant under

the GT if U ' eiX/2y
— = .
v v’ e~ X/ 2y,

so thatjis
not changed



SC current around a vortex

Far way from a vortex, j=0
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The magnetic flux through a vortex is quantized!

Gauge transformation
choose x = £ (= n#) to remove the SC phase, A’ = |A]

Consider n=1,
after a 27 rotation of 6,
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We now study the bound states inside a vortex

Requantizing

2 . . .
H(k) = | tk® — | QzAU(k;. + 1ky)
—QZAU(k:C — ?,ky) —tk -+ j’

Polar coordinate

s, d sinf 0 ; . 0 9,

— = e, e il (ke +1k,) — + 71—

ox 003907 r 00’ ( iky) oz Yy

0 0 cosf O . O i 0
Ve = S . — 19 —_— —_——
9y 5111987. + —-Y; e (8?‘ i " 89)

= e 280€? (F 1) | [ un
QAUG_ZB (_3%+ é%) Y Un
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Zero-mode solution:

Ug i [ —et0/?
— —8 AU(T ) .

=ig(r)
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Bogoliubov QP for the zero mode

0 = [ @ [ + i) o)
— /dgr' ig(r) {e_w/%(r) - eiﬂ/zdﬁ(r)}

- )/6r =70 Majorana zero mode
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1

D. Topological qubit fi = 2(,}/1 +i72),
1 .
fi = 5(%*“6’}’2)}
141
- fin = —"E~oL

—17y172 is the fermion parity operator

For a MZM located at Rj

v = /dz?" |:h3 (r)ﬁ_iaj/2+in/2”(,@j L. h;(r)eiﬂj/Q—iFj/szj}

hJ(I') = Zg(I'-RJ), //,-—~\\
0; = arg(r —R;), { o ?
Pj _ Zarg(Rj —Rg) \\\\ V1 //I Y2
0] T

The phase [ arises because of a sign change under a 360-degree rotation.
For example, consider only 2 MZMs. If we move y,around y,once, then

2= arg(Rz-R1) changes by 217, and y,changes sign.
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1. Braiding 2 Majorana fermions

Two ways to exchange y4,y»

T ¥ Ve ¢
(@) {

Y1
Yo —* —NW

(b) {’)’1 — 72,

¢
Y2 — M-

Y1

braiding operator
v; = Biav; Bl

For clockwise rotation,

1
By = E(l + 7172)

B%Q =Yz

v; = By (Bl,)? = —v;

g 5)

Y2
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Write the states with fermion 1) = f;r|0),
numbers 0, 1 as |0), |1), then, "
{ﬁﬁm:m

fLA = 1).

Also, —’5’71’}’2|0> = |0>:
—imnrell) = —[1).

It follows that,

Bi3|0) = %(1+i)|0>:6”/4|0),
1 : =
Bufl) = —5(1—i)l1) = e/,
Under the (]0),]1)))? basis,
’Yl — Og,
T2 = Oy,

It

—iY1Y2 = 05, and Bm\l) — e t49=,
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2. Braiding 4 Majorana fermions

1 .
Ji = 5(’}“1 + i),

1 .
fo = 5(’}’3 + i7y4).

The basis of the Hilbert space are {|00),|01), [10), |11)}.

For intra-fermion braiding,

1

B12|00) = —(1 4+ )|00),

12/00) \/ﬁ( )|00) 2 3 1
1

B24|00) = —(1 + 2)/00).

sal00) = = (1+1)[00)

For inter-fermion braiding, (a)
1
1
= —(|00) +1|11)). 1 2 3

\/§(| ) +i[11))

(b)
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M17Y2 — i3 Tz®1
eirr/-*-l 0 0
0 61'71'/4 0
0 0 —im /4
0 0 0
eiﬂ'/él 0 0
0 e—in'/él 0
0 0 ei?'r/él
0 0 0
1 0
Y23 — L 0 1
2| o —i
—1 0

=) :8123334} =0

By a5 Byaii]| = Pt vii

0) = |00), |1) = |11)
Bis = B3y = €1,
Byz = '™
ZA
"‘”lo}L B,s
.f;
[ | p?
Bz A —— --
(=B34) X "‘-\
"Iy,

Engineering the Kitaev chain, Bordin



Back to Kitaev chain,

Shuttling Majorana modes by acting on the onsite energies

a b —
T 12 > by Y2
812
(2834)
Bj 2 braiding sequence using a Kitaev chain T-junction
a b C "
Y O Y2 Yi O O Y
Q O O
O o |}
B3 braiding sequence using a Kitaev chain T-junction
a b c
T Y2 O 13 Ya T Y2 O Ya T O Y2 Ya
Q e O
O |} @

"Iy,
d
Y2 O Yh
O
d

Yh Y3 O Ya Ya

i

Engineering the Kitaev chain, Bordin
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Building quantum gates with the braiding of MZMs

4
3 ~ ~
4 x>+
1

— Pauli X quantum gate
4
3

~

PR, Hadamard quantum gate
6 -~
5 ~ ~—
4 S S
3 L . X
2 * %
1 /-___

— CNOT quantum gate

https://www.quantum-bits.org/?p=2226
https://arxiv.org/pdf/1602.05035

(need to change fermion parity,
so 4 MFs are not enough)



