Majorana fermion (1937)
» Real-valued solution of Dirac eq.
=) A fermion that is its own anti-particle

 Possible candidate: neutrino

Majorana fermion in solid state?

* Superconductor has intrinsic p-h symmetry
Look for non-degenerate zero-energy state, usually need p-wave SC
» To avoid doublet, need spinless p-wave SC
* 1D: end state (this chap)

« 2D: edge state, bound state in vortex (next chap)



1D p-wave superconductor
A. Continuum model
1. Edge state
B. Kitaev model
1. Topological number
2. Kitaev chain with open ends
3. Fermion parity of the ground state



1D p-WAVE SUPERCONDUCTOR

A. Continuum model
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Edge state: assume p(z > 0) > 0, and p(x < 0) <0
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Removing the overall phase of 7 /4, we have
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* A quasi-particle that is its own anti-particle

« Spinless, chargeless, massless



B. Kitaev model 2001
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The energy gap closes when both
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|i| < t: Weak pairing phase |u| > t : Strong pairing phase
topological superconductor trivial superconductor

Topological number  (—1)” = sgn[d.(0)]sgn|d. (7)]

Majorana Fermions in Nanowires, by Frolov

v



Kitaev chain with open ends
{Cj, C}:} = 53;3'»'
;

Let a; be Majorana fermion operators, with a; = aj.
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For simplicity, consider the case with Ay = {,
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When |u| <t, it is a topological SC with Majorana
edge states. This fact is trivial when p = 0: the 2nd
term vanishes, and thus the 2 MFs on the ends (with
zero energy) decouple from the rest of the MFs.

For the trivial phase (|u| > t), one can choose t =0 to
simplify H. Then every MF in the chain is coupled with

its neighbor, and there is no lone MF at the ends.
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Majorana zero mode

* For a chain with periodic BC
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https://topocondmat.org/w1_topointro/1D.html
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For the zero mode, ug = 3(1,0,---,0,1)
NI = %(1,0? 30?_1)
1 1
= §UQ'+CN)+'§U£"CE)
1 :
= 5la1 +iazn). Stability of Majorana fermions
a highly nonlocal fermion
E a
It annihilates the ground state PHS EES N
71|¥o) =0
* Degenerate ground state
; [} |l
[Wo) or v1[¥o) (or |04),]0-)) | T
both have zero energy
+ Fermion  ~]71|04) = 0[0,),

occupation,
Yimlo-) = 1j0-).



11

Fermion parity of the ground state (even/odd-ness of the number of electrons)

the topological ground states of the Kitaev chain is two-fold

degenerate, and can be distinguished by fermion parity,

* Fermion parity of site-j with fermion number n;
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* For the trivial ground state * For the non-trivial ground state
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* For the non-trivial ground state (cont’d)
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The ground states is a 2-state system that can store 1 qubit of
information. Such a qubit is robust against local perturbation

since the Majorana fermions store info nonlocally.



