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Surface state of topological insulator
Symmetry of Hamiltonian

Effective Hamiltonian of T1 surface states
Berry curvature near level crossing
Electromagnetic response of surface state
1. Magneto-electric coupling

2. Axion electrodynamics

3. Axion angle and Berry connection
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Band inversion, parity change, emergence of SS, and
spin-momentum locking all at once
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We now consider the surface of a topological insulator Bi,Se,
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There are 3 symmetries of surface atoms:
1. Time-reversal symmetry
2. A 3-fold rotation symmetry around the z-axis

3. A mirror symmetry w.r.t. the x-axis



We'll use symmetry to narrow down the form of low-energy surface-state Hamiltonian.
Here we only consider point-group symmetry (the symmetry operation that leaves a point fixed)

Suppose the Hamiltonian is,

* Invariance under a point-group symmetry transformation g
requires that

U H(k)U, ' = H(gk).

.e.g., for rotation, g is the usual 3x3 matrix, U, is the matrix
that rotates the bases of the Hamiltonian.

«  Symmetry operators

2. 03 _ eiﬂ'/SJz

3. M =40, M?=-1



e« Consider a 2-band model

* Invariance under symmetry requires

OH(k)O~! = H(-k),
C3H(k+)C3t = H(eT2™/3ky),
MH(k+)M™" = H(—ks),

time-reversal symmetry dictates that h(—-k) =
—h(k), g(—k) = —g(K).
2 Rotation symmetry gives
h(ks) = h(eF™Pky);
2 3g(ks) = g(e¥/ky).

Mirror symmetry gives

hks) = —h(—ks);
g(ks) = g"(—k3).



Effective Hamiltonian for 2D surface state

To linear order of the momentum, it is not difficult to

see that h(k) = 0, g(k) = ik—. Therefore,

H(k) = eo(k) + v(ozky — oykz).

* spin-momentum locking
(Dirac cone with spin texture)
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« To the 3 order of momentum (Fu PRL 2010) or
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<€ Binding energy increase

Binding energy iNCrease ——=3»
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Doping evolution of the FS and band structure
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Berry curvature in surface state

Near a Dirac point
Heg = (1(0’ X k)z 1T ()(lx'z)

Qc For a circle C
=F—=IJ7
Fe =% 2 T around a DP
F* = Fn6%(k)
Oy = 0 Need to break TRS

to have non-zero o,

« Open an energy gap by magnetization
Hss = a(o x k), +mo,
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Half-integer QHE



» * Induced magnetization
2

M=FE
2

Magnetoelectric (ME) coupling
WS

«  Symmetry of ME coupling
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Surface state ~2 DEG Oy = —
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E=0
Half-integer QHE

Electric field induces magnetization <
« Hall current

magnetic field induces polarization
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The Lagrangian density for Maxwell theory (see, e.g., Jackson)
g - -
L, = 70(E2 —c’RB? ) —pd+J-A (SI, latex note uses cgs)
« To have the ME coupling, we need to add a term,

e < 0 - - fine structure constant
Laxion _E ) B = _0 _E ) B 1 62 1
2h /Llo /A o =

drg, he 137

also called Axion coupling

LR

« Axion angle

0 { T for TI
| ofor trivial Cr,05: O~T1/24 (TRS is broken)

 From the Euler-Lagrange eq. of motion, we get the Maxwell equations
(see latex note for derivation)
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Maxwell eqs with axion coupling (suppose ¢, 1 are constants)
B-induced charge
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Effective charge and effective current
* E-induced current
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Y2 QH effect and theta=pi are basically the same



Axion effect ey

Static:
« Half-integer QHE

« Magnetic monopole in Tl

A point charge

e e

e s

\ Circulating
ST+ 27 current

. 5
[ 1)

An image charge and
an image monopole

Qi, Hughes, and Zhang, Science 2009

Dynamic:

* Snell’s law

* Fresnel formulas
* Brewster angle

» Faraday effect

» Kerr effect

2 QH effect « axion effect

Aka Topological Magnetoelectric Effect
(TME)



oM, 0P,

General form of magneto-electric susceptibility  Xij = BE: OB
i J

Xij = Xij T X693 Berry connection
_ e2 0 0
X0 = e [Aa () = itk 5= e
1 27
0= — d3k €, p .t (AaabA = —ZAaAbAC)
Am Jpz 3

The integrand is called the Chern-Simon form.
Q: Why Chern-Simon form (if you have heard of it)?
A: Close connection between 3D Tl and 4D QHE

It can be proved that, with TRS, the axion angle is de-
fined only up to 27w, w € Z. (Wangetal, New J. Phys. 2010)

® changes sign under TR, so with TRS, ® can only be 0 or

Microscopic expression of Li from 2"d order perturbation theory:

Essin et al, PRB 2010; Malashevich et al, NJP 2010



(a) “ QAH insulator “ (b) “ Axion insulator “
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Dynamic TME possible.
Anything interesting?
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