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• classical Hall effect (E. Hall 1879) 
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• anomalous Hall effect (E. Hall, 1881)

 Lorentz force

Ingredients:

• magnetization (majority spin)

• spin-orbit coupling                     

(to couple the majority-spin direction to 

transverse motion)

Note: An example that requires no magnetization is 
provided by Haldane’s graphene model
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(Hall 1880)

Recall that H=B/ne for 
free electron gas
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Theory: Intrinsic mechanism (ideal lattice without impurity)

• Linear response theory, with

Spin-orbit coupling 

magnetization
• Gives correct order of magnitude  of ρH for Fe 

also explains     

that’s observed in some data

2
AH L 

• They find a transverse electron velocity (aka 

anomalous velocity) that depends only on band 

structure
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Berry curvature of fcc Fe
(Yao et al, PRL 2004)

Ideal lattice without impurity
௫௬
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Karplus-Luttinger theory (1954) 

= Berry curvature theory (2001) 

→ AHE

Old wine in new bottle

Anomalous velocity is 
essentially this term

With this mechanism working, it’s possible to have Quantum AHE (in 2D)
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(accurate to 10-4)

C.Z. Chang et al, Nat Phys 2015

Science, 2013
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Reports on Quantum anomalous Hall effect

• Bi2Te3 theory (Yu et al, Science 2010)

• Bi2Te3 experiment (Chang et al, Nat Material 2015)

• manganese bismuth telluride (MnBi2Te4) (Deng et al, Science 2020)

• Twisted bilayer graphene (Serlin et al, Science 2020)

• MoTe2/WSe2 heterobilayers (Li et al, Nature 2021)

• Cr1-x(Bi1-ySby)2-xTe3 (Okazaki et al, Nat Phys 2022) 

• Twisted Bilayer MoTe2 (Cai et al, Nature 2023)

…

Orbital magnetism
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Nature Phys, Okazaki et al 2022

QAHE with a permanent magnet defines a quantum resistance standard

a precision of 10 parts per billion (at mK)
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Turn on magnetization         Turn on SOC

(Qi-Wu-Zhang model, 2006; Yu et al, Science 2010)

Engineering a topological band by level crossing

Using 2D surface states of magnetic topological insulator

Band 
inversion

2-band 
model



17

- a toy model of QAHE (2006)

Can be realized using 
ultracold fermions, see Liang 
et al, Phys Rev Res 2023 
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Hint of topology from the distribution of of hz(k):

(a),(d) would be trivial
(b),(c) may be topological

o
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Pf:

Berry curvature 
of 2-band model

Berry connection
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m = -2

BZ

Figs. From Asboth et al, A short course on TI
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wrapping number of the h-surface 
around the origin

Hall conductivity from the valence band

QAHE

(for filled valence and)
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Figs. From Asboth et al, 
A short course on TI

Numerical calculation based on lattice QWZ model

Bulk-edge correspondence

Chiral edge states
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Re-quantize,

Small k limit:

Low-energy 
continuum theory

topo trivial
sssume m(x) varies smoothly 
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Or,

-and
Chiral edge states


