
Two-dimensional material
• Graphene

• symmetries
• Effective Hamiltonian

• Transition metal dichalcogenide
• Berry curvature
• Optical transitions

• Haldane model
• Haldane flux
• Berry curvature



• 1947, theory of graphene by Wallace

• 1968, Mermin-Wagner theorem (no long-range order in 2D at finite T)

• 1985, discovery of bucky ball by Kroto, Smalley, and Curl (1996 Nobel prize)

• 1991, discovery of carbon nanotube by Iijima and Ichihashi.

• 2004, first graphene produced by Geim and Novoselov (2010 Nobel prize)

Pristine graphene is not topological, 

but it has non-zero Berry curvature.



From Raynien Kwo’s ppt

Extraordinary properties of graphene

(in reality, sublimate near 3700 K)

(space elevator)

(better than copper)

(related to fine structure constant)



Graphene lattice
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Tight-binding model 
(spin neglected)

𝑡ଵ ≃ 2.7 eV



Fourier 
transform

e.g.,



𝑡ଵ ≃ 2.7 𝑒𝑉
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Stability of the nodal point in graphene

 𝐻(𝑘)∗ = 𝐻(−𝑘)

→ ℎ௫(𝑘), ℎ௬(𝑘), ℎ௭(𝑘) = even, odd, even

• TRS

• SIS

 𝜎௫𝐻(𝑘)𝜎௫ = 𝐻(−𝑘)

→ ℎ௫(𝑘), ℎ௬(𝑘), ℎ௭(𝑘) = even, odd, odd

• TRS+SIS no termz

• Global stability: point degeneracy is further protected by C3 symmetry
(Ch7, Bernevig)

 Co-dimension is 2
(point degeneracy in 2D BZ)

(for graphene, p=x)

Hasegawa et al, PRB 2006
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Low-energy effective Hamiltonian near Dirac point

Alternative: 
K2 = -K1

𝑣ி =

3
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(rewrite k1,2

simply as k)

Valley 𝜏 = ±

∓

∓



𝐻ᇱ = ℏ𝑣ி𝜎⃗∗ ⋅ −𝑘 − 𝐾ଶ + Δ𝜎௭𝐻

ℎ௫, ℎ௬, ℎ௭ → (−ℎ௫, ℎ௬, ℎ௭)

= −ℏ𝑣ி𝜎⃗∗ ⋅ 𝑘 − 𝐾ଵ + Δ𝜎௭

In Chap 3, we learned that 

Time reversal symmetry:

Space inversion symmetry:

• With both symmetries, (for non-degenerate state) the Berry curvature 

is zero. So we need to break either TRS or SIS.

• If we break only SIS, then

• If we break only TRS, then

𝐹⃗௡ 𝑘 = −𝐹⃗௡(−𝑘)

𝐹⃗௡ 𝑘 = +𝐹⃗௡(−𝑘)

𝐹⃗௡ 𝐾ଶ = −𝐹⃗௡(𝐾ଵ)

𝐹⃗௡ 𝐾ଶ = +𝐹⃗௡(𝐾ଵ)

e.g. 
with 
TRS

So the Berry curvature at opposite valleys have opposite signs.

valley Hall effect 

Haldane model



𝐻଴ = ℏ𝑣ி ∓𝑘௫𝜎௫ + 𝑘௬𝜎௬ + Δ𝜎௭ at ± 𝐾,

• Effective Hamiltonian near degenerate point

• Berry curvature

• Gapless limit (at +K):

ℏ𝑣ி ≡
3

2
𝑡ଵ𝑎

C p Berry phase (surrounding +K):

𝐹±(𝑘) = ±𝜋𝛿ଶ(𝑘)±

න 𝑑ଶ𝑘 𝐹ఛ
±

௔௟௟

= ±𝜏𝜋 

𝜎ு =
𝑒ଶ

ℎ

1

2𝜋
∫ 𝑑ଶ𝑘𝐹ఛ

ି = −
𝜏

2

𝑒ଶ

ℎ

Total Hall conductivity is zero due to 
the cancellation between 2 valleys.

Berry phase remains the same as long as 
C encircles the origin

(Drop sub z)

∓±



Berry curvature over the whole BZ
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Cayssol and Fuchs, 2021 

Cf:



Graphene in magnetic field
C p 

𝐸௡ = 𝑣ி 2𝑒𝐵ℏ𝑛

Cyclotron 
orbits
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STM experiment
(Cheng et al, PRL 2010)

Novoselov et al, Nature 2005

σHρL

Quantum Hall effect in graphene



Valley Hall effect (Xiao et al, PRL 2007)

Opposite anomalous velocities 
from two valleys

B = 0

∼ Ω

Orbital 
magnetic 
moment



Science, 2014

Graphene on hBN (breaking inversion symm 2D = 30 meV)



Graphene (with SIS) monolayer MoS2 (without SIS)

Graphene on hBN breaks SIS, 
opens a gap ~ 30 mV

An energy gap ~ 1.9 eV              
(easier for optical and electrical control)

2D material: graphene, silicene, hBN, TMD …e6c
矽烯



stable as a monolayer

硫族化物

Transition Metal Dichalcogenide (TMD) 過渡金屬二硫屬化物



• Bulk material indirect band gap (with SIS)

Single layer direct band gap (without SIS)  Massive Dirac fermion

• Large SO coupling, spin-valley locking (due to Kramer degeneracy)

• Room temperature mobility 3-4 order of magnitude lower than in graphene

• Strong Coulomb interaction, excitons … etc.

Splendiani et al, Nano Lett 2010

Transition Metal Dichalcogenide: MoS2

1.9 eV

Feng et al, PRB 2012

1 layer

Red: spin up
Blue: spin down



Valley Hall effect in a MoS2 monolayer

• 2-band model near massive Dirac points:

• Berry curvature

K-K

↓↑ ↑↓

↑

↓↑

↓
2𝜆

0

Δ

−Δ + 𝜆

Opposite valleys have opposite BCs

Fig from Xiao et al, PRL 2012

• For partially-filled valence band,



Science, 2014

Lee et al, Nature Nano Tech, 2016

Bilayer MoS2 with SIS (broken by 

E field)

Local Kerr signal



• Graphene
• symmetries
• Effective Hamiltonian

• Transition metal dichalcogenide
• Berry curvature
• Optical transitions

• Haldane model
• Haldane flux
• Berry curvature



First, electron hopping in a magnetic field

• Aharonov-Bohm (AB) phase

For a closed loop C,

𝜓ᇱ = 𝑒௜
௘
ℏ ∮ ௗ௥⃗⋅஺⃗

಴ 𝜓 = 𝑒
ଶగ௜

஍ಳ
஍బ ,   Φ଴ ≡ ℎ/𝑒

• AB phase and electron hopping

Φ஻



𝐻 = −𝑡ଵ ෍ 𝑐௜
ା𝑐௝

ழ௜,௝வ

+ Δ ෍ 𝜉௜𝑐௜
ା𝑐௜

௜

+ 𝑡ଶ ෍ 𝑒௜ఔ೔ೕథ𝑐௜
ା𝑐௝

ழழ௜,௝வவ

Haldane’s graphene model, PRL 1989
(no net magnetic field, but TRS is broken)

𝜈௜௝ ≡ 𝑠𝑖𝑔𝑛 𝑑መ௜௝
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ଶ

௭

^ break SIS ^ break TRS

NNN

++

+

+

+ +
−

−−

−

− −

(a) (b) (c)

𝑖

𝑗𝑗 𝑑௜௝
ଶ

𝑑௜௝
ଵ

As a result of 
Haldane flux 



NNN coupling



Near Dirac point

let a f-dependent effective mass

The Dirac gap is closed when
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Berry curvatures of point 1 (left) and 2 (right)



Haldane, Nobel lecture

Edge state in different graphene models (for zigzag edge) 

Armchair edge

Zigzag edge Edge states for zigzag edge (Fujita, 1996)


