Review of Berry phase
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System with fast and slow variables

Example: a vibrating H*, molecule,

electron; nuclei
fast slow
e— ot
H(F, p;{R,B})
Instead of solving the full time-dependent Schroedinger eq.,

one can use the Born-Oppenheimer approximation:

« “Slow variables R; are treated as parameters A(t)

(the kinetic energies from P; are neglected)

* Solve time-independent Schroedinger eq.

H(7, p; 1)

n,}:> =&, 5 n,/i>

“snapshot” state (single-valued in 1)




Adiabatic evolution of a quantum system

* Energy spectrum

En()\) N

If the characteristic frequency of
motion Qo <« Ag/h , then
there is no inter-level transition.

(Quantum adiabatic theorem)

Hy|n,A) = epa|n, A)

» After time t

n, A(t))

[Woa(t)) = e 7 Jo 4enacer)

(accumulated)
dynamical phase

» Phases of the snapshot states at different A’s

are independent and can be assigned arbitrarily

n,/1>.:eiznu> n’/1>

Do we need to worry about this phase?



No need! - Fock, Z. Phys 1928
 Schiff, Quantum Mechanics (3rd ed.) p.290

Pf - Consider the n-th level,

H n,1>:8n2 n,1> snapshot state
Allow a |-dependent o (1) [dt'gn(t') -
phase growing out ‘anj(t)>=ey”u)e IO n,ﬁ>
of evolution
e,
H|¥ () =ih—|¥ (1))
ot
I O
7, =i{nA—|n)-A=410 A,(7) Ez<n,ﬂ\§ nA)
Redefine the phase = id (1 Py L
of snapshot states, n,/1>'=e¢”( : n,ﬂ> (f, is single-valued)

: o9,
A’ (N)=A,(AN-—2=2
()= Al oA

Choose a ¢ (A) such that, A _’(A)=0, hence removing this extra phase.




However, there is one problem:

Vz¢ — ;1(2) does not always have a well-defined (global) solution!

Two possible cases:

1. VxA=0 -everywhere 2. VxA#0 somewhere
or jﬂﬁ-dizo or fﬁ-diio
i e.g., electrostatic field ) e.g., vector potential
Vector flow 4 Vector flow 4 ¢ can't be single-valued

/

' and is not defined here
i
|

~

Contour of ¢, ™



M. Berry, 1984 :
The parameter-dependent phase is NOT always removable!

For periodic motion with A(T7)=A(0), we have, in general

—iITdt'g(t')

_iye 0 Index n
‘WZ(T)>_8 €

w2(0)> neglected

* Berry phase (aka geometric phase)

Yc = jé </T|li
C oA

* Berry phase is path-dependent

ifi =j1 +L * 0, mmL—j_z(:L+j2)¢O

Phase difference

1
a m a b
C -2

Depends on the geometry of the
path C, independent of the rate vy

i)-diio

CLITESETRES ]



Some terminology

» Berry connection (aka Berry potential)
A(Q) = i</1\vi \/1>

 Stokes theorem (3-dim here, can be higher)

yczjﬁﬁ-dizjvzxﬁ-d&

C S

» Berry curvature (aka Berry field) For a small loop,
E()=V,x A0) =i(V,w, x|V ) ye=[Frdi=Fda

» Gauge transformation

Redefine the phases of the
snhapshot states (y is single-valued)

;) > ¢ lv;)

A —> A -V, x

F(/T) — F(Z) Berry curvature and Berry phase
are not changed under the G.T.

° Ve ™ Ve



A canonical example (we’ll cite this result several times later)

A spin-1/2 particle in a slowly changing B field

» Real space H, .=u,B-c
AZ
P \ « Eingenvalues and eigenstates
!
i Y E4 = :t;l.BB
N \\ l' >
- 0 —gip =B
COS 3 —ie sln 5
- ;. - 2
n,+) = T s o E—F = = K
+) ( e'? sm% ) ) ( CcOS % )
Level crossing at B=0 » Different choices of phases (gauge choices)

e(B . i | :

y B) +) n, =)’ = eT'?|n, £) are also single-valued. You can check
that |n,£) have ¢-ambiguity at # = 7 (but not at § =

B 0), while |n, £)" have ¢-ambiguity at # = 0 (but not at

6 = ).
) )




« Parameter space

———————

a monopole
at the origin

v

A sing

) e

lar line for A
(called Dirac string)

Similarly,

« Berry connection

0o _0. 19 1 9.
9B 0B " B0’ Bsinbos

~

eu

; d
A.(B) = i(B,+|55[B.+)

B 1 1—CTUSHA’
— "9B smb *

~ vector potential of a monopole

ki —c-osﬁ_ﬁ

A_(B):QB sin @ (¢

Both A4 (B) are singular along 6 = .
(relates to the ¢p-ambiguity)

* Berry curvature

1 B
F+(B) = Ve x A+(B) = F54

~ magnetic field of a monopole

Point of level crossing is the source of Berry curvature



Berry phase « Gauge transformation
1 & Y A
Y+(C) = :F§Q(C) i, £) = eFid ,L?_L>
spin x solid angle AL(B) = As(B)+ 3_;

| 1
Berry index  AL(B)+ 3_
(topological charge) +(B) BsinH(('b

L 1 1+cost .
1 = + : ¥
d’a - F.(B)=F1 2B sinf

QW S2

Both A’ (B) are singular along # = 0.

4

Dirac string (its position

i
I
I is gauge-dependent)
i

v



Analogy with electromagnetism

Electromagnetism

Quantum anholonomy

vector potential A(r)
magnetic field B(r)
magnetic monopole
magnetic charge

magnetic flux ¢(C)

Berry connection A(\)
Berry curvature F(\)
degenerate point

Berry index «— (aka monopole charge,
) topological charge, etc)
Berry phase v(C)

Magnetic monopole

“Magnetic monopole”

in real space in momentum space
sl
e - ) 9 . .
‘_‘_.l“ e \F/’Vom;t deggne;a;:y in
7 ‘, \\\\ eyl semimeta
Magnetic flux (monopole charge) Berry index (topological charge)

is quantized

is quantized



Experiments :  Bitter and Dubbers , PRL 1987

Neutrons fly through a helical magnetic field

HELICAL MAGMNETIC FIELD :EALI;RGN

180
1
12(C) = F52(C)
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S0LID ANGLE OF CIRCUIT (STERADIANS)



Berry phase ~ Anholonomy angle

Fiber bundle = A-space x U(1) phase

horizontal directions

vertical direcliﬂ

Vi
Al 2 bundle
<y
Vf \\
e p geometric phase
//’ |
:;,/" l bundle projection
— W“'“
|
% C::)
| | \A&Pﬂﬂﬂ
For a .
smalls, y.=|F-da=F-da
S
i ian =
G=lim%  Caussia - F.7=limYe Berry
A—0 A curvature A—>0 A curvature

Fig. from Fiber bundles and quantum theory,
by Bernstein and Phillips, Sci. Am. 1981



Revisiting parallel transport (PT)

« PT along a general curve

o = 27(1-cos6)

Parallel transport:

v does not twist around the local vertical axis

(normal vector n) as we move along a curve C.



A moving frame on a curved surface

91:w><€‘1

Ww-n = w-é1><é2
= wXé1°é2=é1'é2:0

PT condition

Define complex vector
Parallel transport condition of 1

a moving triad (n, é4,6,) : 1/) — E (él + 1e9 )
No rotation around n,
w-n=_[ Im(w*-w):o, or iw*-fg/}:().

Angular velocity

Alternative form of
the PT condition



PT frame vs fixed frame:

. fixed triad (n, ey, e,) 16
g fixed
- moving triad  (n, &, &,) ) :'
| 24 é1 moving
define @ = \/—5 (e1 +ie)
Y = i (€1 + i€z )
] \/§
then  (r) = Cb(r)e’iﬂ’(r)
O d = o - dp + i
v dv @ dgb ul PT condition
d :
a(C) = ’Lf o - o - dr versus 10" - 1) =0
C dr
Fixed states, PT states, not
> single-valued single-valued
Analogy: y(C) = ijg <¢i Vi) - d - l<l/)i [Vap3) = 0
C

Snapshot states PT states



Analogy

geometry quantum state
fixed basis o(x) D3 A)
PT basis Y(x) 1; A)
connection % - ¢ (qb|¢)
PT condition V* =0 (Y|) =0
holonomy anholonomy angle Berry phase
curvature Gaussian curvature  Berry curvature

topological number

Euler characteristic

Chern number

1
=—|daG
A ZnLa

1 N
C=—jd€z-F
21 )y



Dynamics of parameters

e.g., a rotating solenoid

L2
— S -B
H =< theo
1 0 d 1 9?
B2 =5 — (sinf—
[Sinﬁ o6 (sm 89) " sin? @ 0¢?
Full quantum state
Slow fast
0) = > ¢.(B)B,s)
g=t
H|V) = E|)

K2 (1d .
- = s + Es s — LisWs
I:QISiIIQQ(?:d(b ) E]w ¥

A, =i(B,s|£|B,s)




C. Degenerate energy levels

* Non-degenerate level
Wave function is a scalar

'det' (t")
. —1 &
— LS 0

'7”2(0)>

Initial state and final state differ by a
U(1) phase

* Degenerate levels (N-fold degeneracy)
Wave function is a N-component spinor

Initial state and final state differ by a
U(N) rotation.

After diagonalization, you get N U(1)
phases

g . i hori . g
vertical direction orizontal directions

bundle

Each fiberis a
U(1) phase

1 bundle projection

A g
base space
e

horizontal directions

vertical direction

bundle

Each fiberis a|
U(N) rotation

1 bundle projection

i i
base space
e ——




For example, 2-fold degeneracy \\//

U, 1(8)) = e~ Jo dt'enncer)

X (In, 1, A(€))F11(F) + [n, 2, A(€))L21(2))
[ Tn2(t)) = e i Jodemner

X (|, 1, A(€))T12(f) + |n, 2, A(€))T22(7)) -

O [Wnp(t)) = €7 Jo WEnrr Y 7 InaX(t))Tas (0)

Dynamical phase Berry rotation matrix

(Una|¥np) = dap
4 =Tt =1 Unitary rotation, U(2) matrix



H|V,5(t)) = ’Lh - ¥np(1))

dT o5
dt

= _Z na)\|—|'n/y)\) VB

— zZ)\ A(n) Iy

where AS’JB) (A) = i(na)\| 8_)\ |nﬁA) Berry connection (2x2 matrix)

Different A matrices do not commute with each other

F(t+dt) = [(t)+idtA(t) - A ()
- ez‘dt)\(t)-A'(t)l—(t)

3 I'(t) — ... eid)\-l\.()\l)eid/\ﬂ()\o)l—(o)
P ROBAN, gy _ &

s ng‘)}" “})

path-ordering operator

Aka Wilson loop



%

dh.,

Berry curvature (Berry rotation per unit area)

o—1

iﬁm ‘N
d?a

ro(A)
= T(A X+ dX)T( A+ dAz, A+ dA; + dAs)
X T(A+dAL +dAo, A+ dA)T (A + dAq, A)

= er = &cAe — 83Ak — ’i[Ak, Ag]. 2x2 matrix for each k,/

non-commutative: Non-Abelian Berry curvature

A 3x3 antisymmetric matrix (with indices k,l) is equivalent

to a vector (see latex note for details)

Alternative form:  Fppd\1pdNop = F. d*a,

—

where F=V,xA-—-1AXA. 2x2 matrix for each vector

component



Gauge transformation

axy Zm Ja(A) < aA|—Z A (Al

/ ; 8
(X)) = <aA|’ S 1B or = UTAU +iUT =0
k

0
=2 UQ»YA@«SU(S/S + ’LU;,}, aAU

A~ 1 pid- A
— 144dX\-UTAU = dX\ - Ufiu

O
- 0
~ Ut Td\ - Rall
~ U (1+idX - A) (U d - a)\u)
~ UT(A)elAU(X — dN).
B ['[C] = UT(X)M[CIU(Xg) Gauge covariant

Similarly,
Eip— By = 80— 8,AL — d[AL, &S]
UTF.,U.



