Spin Hall effect: extrinsic mechanism

(Dyakonov and Perel, JETP 1971; J.E. Hirsch, PRL 1999.)
Due to SO interaction between electron and impurity

» Skew scattering (Smit, Physica 1955) , SPINDENSITY  REFLECTIVITY
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Kato et al, Science 2004



w/o TRS

w/ TRS

(OV)

From quantum Hall effect to quantum spin Hall effect
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Quantum spin Hall effect ~ two copies of QAHE

AV Ay a4

Chiral edge state (spin up) O'

Chiral edge state (spin down) o'

/ no V On = 0
— but o =—— e—)ﬁ
V2 2
Helical edge state

The QSH system has time-reversal symmetry

» After the spin-orbit coupling is added, the spin current is
no longer quantized. But the edge states remain robust.



Band inversion and topology
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inversion i % PN
Turn on magnetization Turn on SOC
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inversion N =
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Inversion by nature
(Time-Reversal Symm
preserved)
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Looking for natural band inversion
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(Konig et al,
Science 2007)

E1 ~ s orbital
H1 ~ p orbital

d<6.5nm
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Quantum spin Hall effect in
two-dimensional transition
metal dichalcogenides (TMD) Science 2014

Xiaofeng Qian,"* Junwei Liu,”* Liang Fu,>t Ju Li't
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Figure 2 | Ground-state energy differences between monolayer phases of
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Energies for 3 forms 1 J .
. _
from theoretical 0.8f A
T
calculations | X
ém 0.6
5 2
> 04F} .
= i
& 55l pi Pt P P §
| qiq:d 9 d
bt T b b !
of : :
A S
Q i'-_;«‘ = ( 4
0.2 : H
s :
P
4

Duerloo et al, Nat Comm 2014
10

>,

R

H

X,

nit cell

1+
o x
O



11

Band
inversion

Calculated electronic structures of 1T'-MX, (MoS,)

A s

Stable in 1H form
A

r

~

MoS, WS, MoSe, WSe, MoTe, WTe,

w/o and
w/ SOC

All have band
inversion and
are predicted
to be QSHI in
1-T’ form
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Observation of the quantum spin
Hall effect up to 100 kelvin in a
monolayer crystal 17-wte,

Sanfeng Wu, "t Valla Fatemi,"*t Quinn D. Gibson,” Kenji Watanabe,”
Takashi Taniguchi,” Robert J. Cava,” Pablo Jarillo-Herrero't

Science 2018
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The topology behind QSHI, aka 2D TI
(With TRS, the Chern number is zero.)

Topological insulator
A. Time-reversal symmetry
1. Time-reversal-invariant momentum
2. Spin-orbit interaction
B. Zs topological number
1. Chern number
2. Winding number
3. Z2 topological number again
4. Lattice with inversion symmetry
C. Helical edge state



With electron spin, the Bloch states Time-reversal operator (spin 72)

become spinors

W = (qonféT) O = —'I.CTU[\— — ( (1) _01 ) K
L Pnky ‘
« Without SOC (or with S,L, coupling or = e WvT/RE
: Rotates spin-up
only), the energy eigenstates are Yto spin-down J
. 1

Vit = Putr (0) In general, for half-integer spin,

Vnk1 = Pniy ((1)) o — —tJym/h -
O =¢ K

«  Without SOC, Hso = A\soo X p-VVL = | O = -1

the energy eigenstates are ¥, For integer spin, ©2 — +1

If SOC is weak, then « Spinor Bloch state under TR
Unk+= Yk :
s TR (251} - 0 (1) = (—%_m)
Pkl Pkl +(P;_;T

16
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Kramer degeneracy

For a system with TRS and half-integer spin,
if ¢ 1s an energy eigenstate, then O 1s also an energy
eigenstate. Furthermore, these two states are degenerate
and orthogonal to each other.

Pf. Since HO = ©H, so if v is an eigenstate with energy
e, HiY = ¢, then

HOy =0Hyp = B. (1.58)

That 1s, © Is also an eigenstate with energy e.
Furthermore, using the identity (5|a) = (a|3), one has

(V|OY) = (6(0v)|0y) (1.59)
= —(’Qﬁl@)@";)_\ (1_60)
in which ©2 = —1 has been used to get the second equa-

tion. Therefore, (1)|©1) = 0. QED.
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Spinor Bloch state with TRS
O =i, K, ©° = -1

{ @wnk—!- = —Yp_k—
OYpk— = "Hpn—k—i-

If the Bloch states are topologically non-trivial, then
one needs to write

{ ewnk—i- — _eixn—kwn—k—a

: 1.6
@wnk— - +ezxnkwn—k+- ( )

It’s possible not to have such a phase (in the so-called
TR-smooth gauge). However, this would result in
points of gauge singularity within the BZ.



[Spin-Orbit Coupling included]

« With both TRS and SIS

o~
-

“nk—s

Snks — Sn—k—s —

(global 2-fold degeneracy)

«  With TRS, without SIS

cn—ks # cnks

Except at
time-reversal-invariant momentum

(TRIM)
k=-k+G

At TRIM

o
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Different ways to characterize the topology of a QSHI (2D TI)
Here we mention three:

1. Chern number of effective BZ (Moore and Balent)

2. Winding number of gauge transformation (Fu and Kane)

3. Cumultaive parities at TRIM

(see, e.qg., Favata and Marrazzo, Electronic Structure 2023)

Quantum spin Hall effect intro, by C. Kane

Quantum spin Hall effect summary, by C. Kane




1 Topology in 2D Tl (Moore and Balent, PRB 07)

Consider lattice fermions with time reversal symmetry

 Without B field, Chern number C,= 0

B, c
BZ : - * Bloch states at k, -k are not independent,
[ independent states live in EBZ.
A time-reversal « EBZ is a cylinder, not a closed torus.

invariant plane
.. No obvious quantization.

z . —> Solution: add caps to close the EBZ
= EBZ
U  C, of the closed surface may depend on caps,
r . but C; mod 2 is independent of caps, thus is an
B\é < & intrinsic property of the EBZ
= = w2 types of insulator, the “O-type”, and the “1-type”
g? A A The topology is protected by TRS

21
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2

Topology in 2D TI (Fu and Kane 2006)

Consider a Kramer pair, OVnkt+ = —Un—x-
OYnk— = +¥n_xk+

- There are singularities inside the BZ

. . : 0
(Non-Abelian) Berry connection apk) = z(unka|ﬁ|unk3)

adopt TR-smooth gauge,

2 patches of gauge

0
K, » AP =U'AMU+UT—U
I \ Ok

« Winding number of the phase of
0 5 gauge-transition

w = _ % dk - tr UT__(—U
2771 HA ()k

» Gauge transformation

1 A B
|“ka>B:Lr;zB|Ukﬁ>A m W= - j{)Adk.(A — A )
U(2) matrix
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=

}{ (Ik-AA=/(12A- FA
0A A

The same cannot be done for |uf ), since it is
smoothly defined in A. Instead, we write

f dk - AB :% dk-AB—jf dk - AP
JdA OEBZ oB

= j{ dk-AB—/(m- FB
OEBZ B

not

1 2 kv
w = — d“k F, — dk - A
2m \JEBZ OEBZ ¥
\ y )
d
mod-2 gauge invariant L
Cf. Gauss-Bonnet theorem for a 2D surface with edge \ )

Zzi(J‘Mda G+[ dsk,)




If there is inversion symm (Fu and Kane 2006) , .

r r
then a Bloch state at TRIM I'; have definite parities g "
< >
. itv e r r
Parity eigenvalue HT/)nAia(I') _ CnAz- wnAia(r) 00 10

same for this pair

Cumulative parity at I';

hhhhh
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Helical edge states of 2D TI, spin-momentum locking

(@ A ;

£(k)

Trivial insulator vs nontrivial insulator

Trivial  E |( Conduction Band

1/<
EFQ

Valence Band

Non-trivial

Fermi level

Point deg 'ﬁ
at TRIM

T TRM

fragile surface state
25

 J

k=:'\ k:Ab

robust edge channels, but

spin transport is not quantized.
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Topological insulator

w
=RY-Fo

Bulk energy

bands

Fermi circle of the surface state

Weak topological indices

Bulk-edge correspondence

Topological crystalline insulator and beyond

The energy bands in 2D BZ projected to
1D surface BZ (similarly, 3D to 2D)

Projected

bulk bands
I \
m@]ﬂﬂ)

k, _ Energy dispersion of
edge state
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From 2D Tl to 3D TI

Real space

Helical edge state

4
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A stack of 2D Tls T
I /
A A A A A A
v v v v A 4 A 4
3 Tl indices



Momentum space

According to the Moore-Balent argument,

each time-reversal invariant plane has a Z, index

A

Z,

(=D)" =6,6,639, = z,
(-1)" =8,6.0,0,=z, etc

=)  Six Z, indices: (Xg, Yo, Zg» X4» Yir Z4)

29




However,  X,X, = V,y, = 2,2, = 0,0,0,0,0.0,0,0,

2 independent relations

=) only 4 independent Z, numbers Fu, Kane, and Mele PRL 07
Moore and Balents PRB 07
can choose, e.g., (z,z,;X,,V,,Z,) Roy, PRB 09

or (Vy;v,,V,,V;)

strong; weak

For
example,
kS b
-‘d A3\J
=

O Q
o Ay
=

o

o
o

—_—

~ 2D Tls stacked along M = (Vlzi + vzl;2 + V3l;3 ) /2

(O
o

9102 ‘yoequos3 woly Bi4



ENERGY (eV)

Bi,_,Sb, as a strong Tl (Fu and Kane, PRB 2007) K

M Surface BZ

n filled
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Band structure of Sb (Liu and Allen PRB95)
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Spin-momentum locking Dirac cone of surface state at TRIM

E Conduction Band Dirac
cone
(b ! ! |
Ex Dirac
point
Valence Band
—-n/a 0 K -m/a
TRIM
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Spin-resolved ARPES

Band inversion, parity change, emergence of SS, and

spin-momentum locking

0.20 Fermi gas LS
+ + [vi]=
" | [1;000]
- >k,
0.10 o+ "
= -
% 0.00 O=n
o - i Negatiue mass
L - - B =
3 1/2 Dlracgas
-0.10 } 4%
vi= LY 7 r "'.
L 0,000t F 5S S
K, 12 1
020l S+ ; A
0.0 0.2 0.8

5 in BIT|(51_5585)2
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S.Y. Xu et al Science 2011



Weak Tl index and defect

Two types of dislocation:

| o

Edge dislocation

(a)

Screw dislocation

Electronic state along 1D defect
* robust against disorder
* chiral quantum wire

Ran Y et al, Nature Phys 2009
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Topological insulators are protected by time-reversal symmetry.
Similar topology can also be protected by crystalline symmetries.

They are called topological crystalline insulator (TCI)

week ending

PRL 106, 106802 (2011) PHYSICAL REVIEW LETTERS 11 MARCH 2011

Topological Crystalline Insulators
Liang Fu

Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
(Received 5 October 2010; revised manuscript received 31 December 2010; published 8 March 2011)

Again they would have robust surface states, but

» Electron spin, SOC are no longer essential

» The dispersion near a DP can be quadratic ... etc

38 https://www.youtube.com/watch?v=dTKhkRuCg8E
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Higher order Tl (protected by crystal symm)

Ordinary Higher-order
topological phase topological phases

-~ N
First-order Second-order  Third-order

2D

3D

n

Conducting Insulating

Fig from Kim et al, in Light: Science & Applications (2020)



