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• 1947, theory of graphene by Wallace

• 1968, Mermin-Wagner theorem (no long-range order in 2D)

• 1985, discovery of bucky ball by Kroto, Smalley, and Curl (1996 Nobel prize)

• 1991, discovery of carbon nanotube by Iijima and Ichihashi.

• 2004, first graphene produced by Geim and Novoselov (2010 Nobel prize)

Pristine graphene is not topological, 

but it has non-zero Berry curvature.



From Raynien Kwo’s ppt



Graphene lattice

𝑎⃗ଵ

ଶ

𝑎⃗ଷ

𝛿ଵ𝛿ଶ

𝛿ଷ

(a)

𝑏ଵ

𝑏ଶ
2

3

2𝜋

𝑎

(b)

ଵ

ଶ

ଵ

𝑏ଵ

𝑏ଶ

Brillouin zone
• Lattice vectors • Reciprocal lattice vectors

1



𝑎⃗ଵ

ଶ

𝑎⃗ଷ

𝛿ଵ𝛿ଶ

𝛿ଷ

(1)

(2)

(3)

Tight-binding model 
(spin neglected)

𝑡ଵ ≃ 2.7 eV



Fourier 
transform

e.g.,



ଵ

3



Stability of the nodal point in graphene

∗

௫ ௬ ௭ even, odd, even

• TRS

• SIS

௫ ௫

௫ ௬ ௭ even, odd, odd

• TRS+SIS no termz

• Global stability: point degeneracy is further protected by C3 symmetry
(Ch7, Bernevig)

 Co-dimension is 2
(point degeneracy in 2D BZ)

(for graphene, p=x)

Hasegawa et al, PRB 2006



Low-energy effective Hamiltonian 
near Dirac point

Alternative: 
K2 = -K1
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Under time-reversal, 𝐾ଶ → −𝐾ଶ = 𝐾ଵ

Near K2-valley

𝐻 = ℏ𝑣ி𝜎⃗ ⋅ (𝑘 − 𝐾ଶ)

𝐻ᇱ = ℏ𝑣ி𝜎⃗∗ ⋅ −𝑘 − 𝐾ଶ = −ℏ𝑣ி𝜎⃗∗ ⋅ 𝑘 − 𝐾ଵ𝐻

As a result, the Berry curvature and orbital magnetization at K

and –K are opposite in signs 
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• Effective Hamiltonian near degenerate point

• Berry curvature

• Gapless limit (at +K):
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Total Hall conductivity is zero due to 
the cancellation between 2 valleys.

Berry phase remains the same

(Drop sub z)
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Graphene in magnetic field
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STM experiment
(Cheng et al, PRL 2010)

Novoselov et al, Nature 2005

σHρL

Quantum Hall effect in graphene



Valley Hall effect (Xiao et al, PRL 2007)

Opposite anomalous velocities 

from two valleys

B = 0

Orbital 
magnetic 
moment



Science, 2014

Graphene on hBN (breaking inversion symm 2D = 30 meV)



Graphene (with SIS) monolayer MoS2 (without SIS)

Graphene on hBN breaks SIS, 
opens a gap ~ 30 mV

An energy gap ~ 1.9 eV              
(easier for optical and electrical control)

2D material: graphene, silicene, hBN, TMD …e6c



stable as a monolayer

硫族化物

Transition Metal Dichalcogenide (TMD)



3 possible forms of MX2:

Top view

Side view

Fig from Qian et al, Science 2014 



• Bulk indirect band gap (with SIS); single layer direct band gap (without SIS)

• Massive Dirac fermion

• Large SO coupling, spin-valley locking (due to Kramer degeneracy)

• Room temperature mobility 3-4 order of magnitude lower than in graphene

• Strong Coulomb interaction, excitons

Splendiani et al, Nano Lett 2010

Transition Metal Dichalcogenide: MoS2

1.9 eV

Feng et al, PRB 2012

1 layer

Red: spin up
Blue: spin down



Massive Dirac points of MoS2 monolayer

Effective 2-band model near Dirac points

Berry curvature

K-K

0

Δ

−Δ + 𝜆

Opposite valleys have opposite BCs

Fig from Xiao et al, PRL 2012

For partially-filled valence band,



Feng et al, PRB 2012

The Berry curvatures of monolayer MoS2



Science, 2014

Lee et al, Nature Nano Tech, 2016

Bilayer MoS2 with SIS (broken by 

E field)

Local Kerr signal



Valley-selective optical pumping 
(Yao et al, PRB 2008)

• K, K’ population imbalance 

induced by optical pumping

 photo-induced AHE

Solid circles: electrons - and holes + 

in K-valley. The currents add up. 

Xiao et al, PRL 2012

Optical field couples only to the orbital 

part of the wave function and spin is 

conserved in the optical transitions.
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First, electron hopping in a magnetic field

• Aharonov-Bohm (AB) phase

For a closed loop C,
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Haldane’s graphene model, PRL 1989
(no net magnetic field, but TRS is broken)
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NNN coupling



Near Dirac point

let a f-dependent effective mass

The Dirac gap is closed when
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Berry curvatures of point 1 (left) and 2 (right)
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Kane-Mele model = 2 copies of Haldane model 

(Kane and Mele, PRL 2005)
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• All of the terms respect TR symm

• Hsub breaks space inversion symm

• Hso does not break TRS or SIS

Sublattice potential

Intrinsic SO coupling
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The first example 
of topological 
insulator

Graphene:
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• Semenoff mass (PRL 1984)
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~ 2 copies of 
Haldane model



Edge states for zigzag edge (Fujita, 1996)

Graphene with edge (no topology)

Armchair edge

Zigzag edge



Haldane, Nobel lecture

Edge state in different graphene models (for zigzag edge) 

Kane-Mele model



Bilayer graphene



Bao et al, Nano Lett 2017

Trilayer graphene



Twisted bi-layer graphene (TBLG) Santos et al, PRL 2007

The Magic of Two-Dimensional Materials : Eva Andrei
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Van Hove singularity (Li et al, Nat Phys 2010)
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Predicted magic angle for flat band (Bistritzer and MacDonald PNAS 2011)

Fig from Xiong et al, Phys Lett A 2023



Flat band condition
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Why are we interested in flat (narrow) bands?

Systems with flat bands

• Landau levels (Quantum Hall systems), need B field.

• Twisted bilayer (trilayer…) graphene 

• Twisted bilayer TMD or other superstructures

• Heavy fermion materials

• …

E = K + U

• Mott insulator

• CDW (nematic order)

• Superconductivity

• Chern insulator

• Fractional Chern insulator

• Ferromagnetism

…

Magic-Angle Graphene Superlattices: Pablo Jarillo-Herrero



∘

• Without spin, there are 2+2 

nearly flat electron+hole bands.

• With spin, there are 4+4 bands, 

and the range of filling factor 

=[-4,4] 

( = number of carriers/moire cell)

Energy scales in Magic Angle TBG



Red: fully occupied   Green: fully empty
(under flat-band condition)

Near half-filled regime

Interaction-induced energy gap 

(~ Mott insulator)

Jiang et al, Nature 2019



Cao et al, Nature 2018
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Near ½ filling

Superconductivity in TBG (Tc ~ 1.7 K)

Collective data from many experiments

electron doping hole doping

High-Tc superconductivity

Electrically tunable



Serlin et al, Science 2020

The topology of |C|=1 flat band ~ that of LLs

Spontaneous spin and valley polarization

Topology and broken symmetry of excitons in two-
dimensional materials, by Sid Parameswaran
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Highly tunable: Twist angle, gate bias, strain … etc

Twistronics (Carr PRB 2017)

See Twistronics@wikipedia



Twisted bilayer graphene

• Integer quantum Hall effect (Lee et al, Phys Rev Lett 2011)

• Hofstadter butterfly (Hunt et al, Science 2013)

• Fractal quantum Hall effect (Dean et al, Nature 2013)

• Fractional quantum Hall effect (Wang et al, Science 2015) 

• Insulating state at half filling (Cao et al, Nature 2018)

• Superconducting states (Cao et al, Nature 2018)

• Orbital ferromagnetism (Sharpe et al, Science 2019)

• Quantum AHE (Serlin et al, Science 2019)

• Chern insulators (Nuckolls et al, Nature 2020)

• Fractional Chern insulator (Xie et al, Nature 2021)

• BCD, nonliner Hall effect (Sinha et al, 2204.02848)

• …



From Pablo Jarillo-Herrero’s talk @ Aspen 2023

A platform for rich physics



From Pablo Jarillo-Herrero’s talk @ Aspen 2023

Beyond graphene layers


