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l. 2D p-WAVE SUPERCONDUCTOR

We now consider spinless p-wave SC in 2D. Two pi-
oneering works on this topic are Read and Green, 2000
and Ivanov, 2001, from which many of the discussions
in this lecture are based. Spinful p-wave SC in 1D and
higher dimensions will be investigated in later lectures.

A. Lattice model
Consider the following lattice model with real Ay,

i = Z [_t(cin+1,ncmn + Cin,n-}-lcmn) + h.c.
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With the Fourier transform,

1 .
ol = Zez(kmerk’y")chky, (1.2)
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where N is the total number of lattice sites, one gets (cx
is simply written as cy)

H= S e it ().
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The Hamiltonian matrix H(k) has the same form as
that of the QWZ model in Eq. (??). One only needs to
identify

2t = —towyz, p=—m, and 2(Ag = A (1.4)

For example, the QWZ model is gapless at m = 0,2, 4.
Therefore, here the gap closes at u = 0, —2, —4.
Choose t = 1/2, then

=M (k)
Hk) = (2 —p —cosky —cosky) T,
— 2A¢(sink,7y + sinky7,). (1.5)
It has the eigen-energies,
By (k) = £/ M(K)? + 403 (sin” k, +sin’ k). (L6)

Based on our understanding of the QWZ model, we
know that the system has 3 distinct quantum phases:
When g > 0 or p < 4, it is a trivial phase. When —1 <
1 < 0, it is a topological SC phase. When —4 < p < =2,
it is another topological SC phase with opposite chirality.

The topological number is characterized by the first
Chern number. Given

H(k) = h(k) - o, (1.7)
one has
1 9, 1 oh oh
i = i /Bzd k:hgh- k. X aky. (1.8)

However, since the electric charge is not conserved, the
topological phases have no quantized Hall conductance.

B. Edge state

For simplicity, we study the edge state in the contin-
uum limit. In the small-k limit, the Hamiltonian matrix
reduces to

tk? —

H(k) = < —2io(ky — iky)

2i0(ky + iky)
) )

).



FIG. 1 The energy dispersion of the chiral edge state inside
a SC gap.

Assume the chemical potential has a profile similar
to p(z) = tanhx, then the topological SC occupies the
space with = < 0. Because of the translation symmetry
along y, the eigenstate is of the form 1 (x)e™*v¥. We now
substitute k, by (1/i)(d/dx), neglect k? terms, and solve
for

- Ao (2L 4
( —2iAg (l,/:i —iky) 28 (3 Zx +iky) ) V(x) = ex, ().

(1.10)
Again it’s easier to take a guess at the edge eigenstate.
Try

la) = ¢TI Ay,

'd}():(_ll)v

with the eigen-energy ex, = 2A¢k, (see Fig. 1).

The energy dispersion of the edge state is roughly lin-
ear at small k. Furthermore, it is chiral. Therefore, the
2D p-wave SC is sometimes called the chiral supercon-
ductor.

The Bogoliubov QP for the edge state is

(1.11)

then we will get

(1.12)

Ve, = (1.13)
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where we have removed an overall phase e"/2. Therefore,

’yiky = Vi, - (1.14)
When k, = 0, ’yg = 79 and the zero mode is a Majorana
mode. However, it is not gapped from the edge states
at higher energy, and can be easily damaged by thermal
excitation. In the next Sec, we’ll see that the Majorana
mode inside a vortex is gapped, thus can avoid this prob-
lem (to some extent).

C. Vortex and its bound states

In the Ginzberg-Landau (GL) theory of SC, the SC
state is described by a macroscopic wave function ¥(r).

This effective theory works near the SC transition, and
can be derived from the microscopic BCS theory. In fact,
one can show that ¥(r) ~ A(r) (e.g., see Fetter and
Walecka, 1971), differing only by a multiplicative factor.

The current density in the GL theory is given as (¢* =
—2e,m* = 2m),

J=1 {\II* <f_LVq*A>\I/+c.c} (1.15)
2m* )
eh 2¢2
= ——— (U*'VU — VI — ——|T]2A. (1.1
S (U — UVE) — WA, (116)

Therefore, if A(r) = |A(r)]e~%®), where £(r) is a single-

valued function, then

2
J x ﬁvg - 2iA. (1.17)
2m m

A vortex in a superconductor has a core of normal state
surrounded by superconducting state. A magnetic flux
can penetrate through the core, which is surrounded by
circulating superconducting current on the outside. Far
away from a vortex, the circulating current density J(r)
reduces to zero exponentially, such that for a large loop

c,
7{ dr-J=0. (1.18)
C
Therefore,
h
f de A = ~lieem —g0)  (119)
C e
= %n, nez, (1.20)

in which £(27) — £(0) = 27n, since £ is single-valued.

Thus the magnetic flux through a SC vortex needs be

quantized in units of h/2e. In the case of n = 1, one can
choose £ = 6, the polar angle.

The phase of A is adjustable via a gauge transforma-

tion. For example, if
A = A= AeiX, (1.21)
then ¢ — & =& —x, (1.22)

h
andchoose A — A'=A — 2—@Vx. (1.23)

The current density would be gauge invariant. Also, you
can check that the BAG equation is invariant under the
gauge transformation, if

U u’ eix/2y,
(0) = ()= (5)

We now choose x = £ (= n#) to remove the SC phase,
so that A" = |A|. After a 27 rotation of 6, we have
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(1.24)
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(1.26)



To keep track of the extra sign, one can add a “branch-
cut” emanating from the vortex, so that after circling a
vortex (and crossing the branch-cut) once, a phase factor
(—=1)™ is added.

1. Zero-energy bound state

We now study the bound states inside a vortex by re-
quantize the equation in Eq. (1.9). First recall that

D el 00
gy = sin@% + g% (1.28)

Therefore, upon quantization,
i(ky + tky) — % + 28%/ (1.29)
= ¢ (aar + i;) . (1.30)

Neglecting the k? terms in Eq. (1.9), then we have
(AO(T) € R)7

One can verify that the following is an zero-energy so-
lution for Fy = 0,

up \ ¢ —Ligr dr' s —eif/2
( o ) — We 2 Jo Ag(rh) ( e_w/z . (132)
=ig(r)
The corresponding Bogoliubov QP is,
w0 = [Erli@ue s e 1)

[ i) [e o) - i)

Such a zero-mode bound state is a Majorana mode, ’yg =
70-

A few remarks: First, for a p-wave SC, near the core of
avortex, E,, ~ nhwg at low energy, where wy ~ A/ep <
Ay, and n is the angular momentum of the QP (see,
e.g., Tewari et al., 2007). However, for a s-wave SC,
E, ~ (n+1/2)hwy for low-energy bound states (see p. 155
of de Gennes, 1989). The lowest one has energy fiwg/2,
thus there is no zero mode.

Second, candidate host materials for Majorana
fermions are: the A-phase of superfulid He-3, and the
fractional quantum Hall phase with filling fraction v =
5/2 (the Moore-Read state). It is also possible to find
them in the hybrid structure of 2D TT surface state+s-
wave SC (Fu and Kane, 2008), or 2D Rashba+s-wave SC
(Alicea, 2010; Sau et al., 2010).

)

(1.31)
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FIG. 2 (a) Attach a branch cut to each vortex. The position
of the branch cut is gauge dependent. (b) Exchange the loca-
tions of 2 MZMs by moving ~2 counter-clockwise around ~;.
(c¢) Exchange the locations of 2 MZMs by moving 72 clockwise
around ;.

D. Topological qubit

Like the MZMs in a Kitaev chain, two MZMs (71, 72) in
the p-wave SC can store one qubit of information. Such a
qubit composed of 2 spatially separated MZMs is robust
again local decoherence. In order to understand how to
manipulate such qubits, we now consider a system with
multiple MZMs. For a MZM located at R;, we have
(Nayak et al., 2008),

v = /dzr [hj(r)e—mj/zﬂrj/zwj n h;(r)ewj/z—irj/zwﬂ 7

where h;(r) = ig(r — R;), and

0; = arg(r — R;), (1.34)
I; = Y arg(R; — Ry). (1.35)
(£

The phase I'; arises because of the anti-periodicity in
Eq. (1.26). For example, consider only 2 MZMs. If we
move 2 around ; once, then I's = arg(Ro—R4) changes
by 27, and 5 changes sign. To register such a change
of sign, we add a branch cut to each vortex, as shown in
Fig. 2(a).

1. Braiding 2 Majorana fermions

To exchange the locations of 2 MZMs, v, and 2, we
can move ¥y around 7; in 2 ways (see Figs. 2(b),(c)).
The results are different, because of the branch cut. In
Fig. 2(b), 72 crossed the branch cut of 1, and we have

(1.36)
(1.37)

Y1 Y2,
Y2 — —71-



In Fig. 2(c), 72 does not cross the branch cut of v, but
~1 crossed the branch cut of 5, and we have

~~—

Y1 =2, (1.38
T = (1.39)

For clockwise rotation, we can write

Vi — Blz’YjBIza (1.40)

where

1
Bia = —=1+m72) (1.41)

V2

is called the braiding operator. It is an unitary oper-
ator and

B13B}, = Bi,Bj, = 1. (1.42)
A full circle is composed of 2 half circles, and
Bty = mne- (1.43)
It follows that,
v = Biyy(Bly)* = = (1.44)

Both MZMs change sign since each of them crossed a
branch cut once.

Similar to a Kitaev chain, when there are two MZMs in
a p-wave SC, the ground states are two-fold degenerate.
They can be labelled by fermion parities, [04),]0_), or
fermion occupations, |0),|1). Two Majorana fermions
equal one ordinary fermion, thus we define

1 .
fi = 5(71 +iv2), (1.45)
1 .
f1T = 5(71—2’)’2)7 (1-46)
L
oy o= A2 g, (1.47)

2

The states |0),|1) have fermion numbers 0, 1, hence

) = o), (1.48)
fA10) =0,
{ R = 1), (1.49)

Recall that —iy;72 is the fermion parity operator, and

—i7172(0) = +(0),
{ —iny2(1) = —[1). (1.50)
It follows that,
1 , .
B12|0) = ﬁ(l +1)[0) = " ™/40),  (1.51)
1 . —im
Bio|l) = —=(1—i)[1) = e ™/41).  (1.52)
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FIG. 3 (a) First exchange 1 with v2, then exchange v2 with
vs. (b) First exchange 2 with 73, then exchange 1 with 2.

That is, the braiding operator does not switch the states
|0),]1), it only shifts the phases of the states. We can
also write

Byy = einm = i%os (1.53)
- ( 6’8/4 6—9”/4 ) , (1.54)
Note that Bf, = —1. A related property is that
Biof Bl, =if or /%, (1.55)
so that after 4 operations,
Biof (Bl)' = f. (1.56)

2. Braiding 4 Majorana fermions

We now consider a 2-qubit system with 4 MZMs,
1

fr = 5 +in), (1.57)
fa = 30 +im). (1.59)

The basis of the Hilbert space are {]|00),]01),]10),|11)}.
For intra-fermion braiding, we have, for example,

1

Bi12]00) = —(1417)|00), 1.59
ul00) = (14 9)00) (1.59)
1
B34]00) = —(1417)|00). 1.60
34/00) ﬂ( i)|00) (1.60)
For inter-fermion braiding, we have, for example,
1
By3]00) = —(1+ 00
23/00) ﬂ( 7273)|00)
1
= —(|00) + ¢|11)). (1.61)

V2

Note that the fermion parity, n; + ns (mod 2), is not
changed by these braidings.

In general, since (y,y)? = —1 for k # 1 k,l = 1,-,4,

which is similar to the property of i2 = —1, we thus have
1
By = —(1+ , (K#1 1.62
ki V2 ( ), (k#1) ( )
= eiMm, (1.63)



Two braiding operations that act on different fermions
would commute,

[Bi2, Bss] = 0. (1.64)

However,

[Bj-1.5> Bjj+1] = 717541 (1.65)
Because the commutator does not vanish, the order of
braiding matters, as shown in Fig. 3.

Under the basis (|00), |01),]10), [11))T, these braiding
operators can be written as,

By = 6%7172 :eigaa@l (166)
ei™/t 0 0 0
B 0 e/t 0 0
B 0 0 et 0 |
0 0 0 e in/4
Bsy = eT = 11100: (167)
e/t 0 0 0
B 0 e/t 0 0
- 0 0 €74 0 ’
0 0 0 e im/4
Bz = ei7273 = 1302000 (1.68)
100 4
1 lo1i0
Tl oito
i 001

Since the braiding operations do not change the
fermion parity. They could only connect |00) and |11)
(or |10) and |01)) in a 2D Hilbert sub-space. That is,
with braiding only, one can only access 1 qubit out of
the two-qubit system. Define the new qubit as,

|0) =100), 1) = [11), (1.69)

then within this subspace
Bia|y = Ba|y = €17, (1.70)
Bos|, = et (1.71)

in which |4 projects a 4 x 4 braiding matrix to the one
spanned by the bases with even fermion-parity. They
rotate a single qubit by an angle 7/2 around either z-
axis or z-axis (see Fig. 4).

3. Quantum logic gate

We can build quantum gates with the braiding of Ma-
jorana fermions. For example,

By = it., Bl =iT,. (1.72)
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FIG. 4 Inter-fermion braiding Bi2 and intra-fermion braiding
Bss lead to m/2-rotations around different axes. Fig. from the
thesis Engineering the Kitaev chain, by A. Bordin.

These are known as the Pauli-Z gate and the Pauli-X
gate (the ¢ is a phase shift that is not crucial). Also, you
may check that

i

1 1 .
Bi12Ba3Bia| 1 = —= ( 1 > =H, (1.73)

2\ 1

which is known as the Hadamard gate H (again the con-
stant ¢ is not crucial).

Quantum computation can be realized with a set of
a few wuniversal quantum logic gates, This set can be
the Hadamard gate H, the phase-shift gate T, and the
Controlled-NOT gate CNOT. They have the following
matrix representations,

1 11
10
T = (0 eiﬂ/4>’ (175)
1000
0100
and CNOT = 0001 (1.76)
0010

The CNOT gate changes |00) to |00), |01) to |01), |10)
to [11), and |11) to |10). That is, when the first bit is 0,
don’t flip the second bit; when the first bit is 1, flip the
second bit. Since it changes |10) to |11) etc, the fermion
parity is not conserved and the H gate cannot be realized
with the braiding of 4 Majorana fermions.

Nevertheless, it is still possible to build the CNOT gate
with 6 Majorana fermion. You may check that

CNOT = Bg}' Bis B34 B12 B Bas B3y |+ (L.77)
The braiding sequence is shown in Fig. 5.

Therefore, the braiding of Majorana fermions helps
to build two universal quantum gates. Unfortunately, it
fails to simulate the phase-shift gate T. To achieve this,
different quasiparticles in systems with richer topology
are required. For example, the one in v = 12/5 fractional
quantum Hall effect (Nayak et al., 2008).



— Pauli X quantum gate
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FIG. 5 Realization of the Pauli-X gate, the Hadamard gate,
and the CNOT gate using different braiding sequences. Figs.
from www.quantum-bits.org/?p=2226.

Exercise

1. Starting from Eq. (1.31), verify that the state in
Eq. (1.32) is a zero-energy solution.

2. Show that under the (|0),]1)))T basis, Majorana
fermion operators have the Pauli-matrix representation,

71 = Oux, (178)
Y2 = 0y7 (179)
—imY2 = 0., and By = !4, (1.80)

3. Based on relations like Eqgs. (1.59), (1.61), show that
the intra-fermion braiding operators and inter-fermion

braiding operator have the 4 x 4 matrix representations
in Egs. (1.66), (1.67), and (1.68).
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