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Su-Schrieffer-Heeger model of polyacetylene
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(Phys Rev Lett 1979)
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• Winding number 

𝑡ି

𝑡ା

𝑡ା < 𝑡ି 𝑡ା > 𝑡ି

𝜀± = ±√ 𝑡ି + 𝑡ାcos 𝑘𝑎 ଶ + (𝑡ାsin 𝑘𝑎 ଶ} It’s gapped when ା ି

• 1D Berry phase, aka Zak phase (Phys Rev Lett 1989)

ା ି

ା ି
HW 1

Note:
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ା ି

ା ି

1. Edge states are located at zero energy (protected 

by chiral sym)

2. There is one electron per site

When an electron fills the right end, it has charge q/2,

while the left end is -q/2 (w.r.t. to the trivial case)

So the polarizability P=e/2

(0, e/2 are protected by reflection symm)

Edge 
state

Bulk-edge correspondence

Edge 
state
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aka Jackiw-Rebbi model (1976)
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a

b

Localized state at the domain boundary

B phase        A phase
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• classical Hall effect (E. Hall 1879) 

B

+++++++

M

↑ ↑ ↑ ↑

↑↑↑↑↑↑↑
↑↑↑↑

↑ ↑

• anomalous Hall effect (E. Hall, 1881)

 Lorentz force

Ingredients:

• magnetization (majority spin)

• spin-orbit coupling                     

(to couple the majority-spin direction to 

transverse motion)

Note: An example that requires no magnetization is 
provided by Haldane’s graphene model



9

( )

( )

,

( )

AH

AH H

N

A

H HR

H H

H

R M









 

The usual term

Anomalous term

Saturation of M slope=RN

H

ρH

RAHMS

FM material

Experimental 
observation 

Recall that H=B/ne for 
free electron gas
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Theory: Intrinsic mechanism (ideal lattice without impurity)

• Linear response theory, with

Spin-orbit coupling 

magnetization
• Gives correct order of magnitude  of ρH

for Fe, also explains     

that’s observed in some data

2
AH L 

• They find a transverse electron velocity (aka 

anomalous velocity) that depends only on band 

structure



11

Smit: K-L mechanism should be annihilated 
by the skew scatterings from impurities.

• Side jump (Berger, 1970)

• Skew scattering (Smit,1955) ～ Mott scattering

In reality, it’s not always clear which one is dominant.

Theory: Extrinsic mechanisms (with impurities)

Spinless
impurity

e－
AH L 

Anomalous velocity due to electric field 
of impurity ～ anomalous velocity in K-L

e－
2

AH L 
Spinless
impurity
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• Hurd, The Hall Effect in Metals and Alloys (1972)    

“The difference of opinion between Luttinger and 

Smit seems never to have been entirely resolved.”

30 years later:

• Crepieux and Bruno, PRB 2001

“It is now accepted that two mechanisms are responsible 

for the AHE: the skew scattering… and the side-jump…”  
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Science 2001

However, entering the 21th century 

Science 2003

… and more
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Ideal lattice without impurity

Berry curvature of fcc Fe
(Yao et al, PRL 2004)

௫௬

ଶ ଷ

ଷ ௭

௙௜௟௟௘ௗ

Karplus-Luttinger theory (1954) 

= Berry curvature theory (2001)

→ AHE

Old wine in new bottle

Anomalous velocity is 
essentially this term

Mired in controversy from the start, it simmered for a long time 

as an unsolved problem, but has now re-emerged as a topic with 

modern appeal. – Ong @ Princeton

Karplus-Luttinger
mechanism:
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(accurate to 10-4)

C.Z. Chang et al, Nat Phys 2015

Science, 2013

ρH

H

AHE ρH

H

QAHE
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h

e

vs

Hysteresis of 
FM material

Hall plateau
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vs
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Quantum anomalous Hall effect

• Bi2Te3 theory (Yu et al, Science 2010)

• Bi2Te3 experiment (Chang et al, Nat Material 2015)

• manganese bismuth telluride (MnBi2Te4) (Deng et al, Science 2020)

• Twisted bilayer graphene (Serlin et al, Science 2020)

• MoTe2/WSe2 heterobilayers (Li et al, Nature 2021)

• Cr1-x(Bi1-ySby)2-xTe3 (Okazaki et al, Nat Phys 2022) 

• Twisted Bilayer MoTe2 (Cai et al, Nature 2023)

…

Orbital magnetism
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Nature Phys, Okazaki et al 2022

QAHE with a permanent magnet defines a quantum resistance standard

a precision of 10 parts per billion (mK)
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w/o exchange field       w/ exchange field w/ exchange and SOC

(Qi-Wu-Zhang model, 2006; Yu et al, Science 2010)

symmetric and 
anti-symmetric 
combinations

• Engineering a topological band by level crossing

Using 2D surface states of magnetic topological insulator
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- a toy model of QAHE (2006)

Can be realized using 
ultracold fermions, see 
arXiv:2109.08885, 
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Pf:
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m = -2

BZ

Figs. From Asboth et al, A short course on TI
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Figs. From Asboth et al, 
A short course on TI

Numerical calculation based on lattice QWZ model
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Re-quantize,

Small k limit:
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Or,


