習題四
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1. The solution to the left side of the potential region is y(x)= Ae™ + Be™ .
As shown in Problem 3-15, this corresponds to a flux

hk 2 2
J@)=—(4F - |B[)

The solution on the right side of the potential is y(x)= Ce™ + De™  and
as above, the flux is

nk
J=—(CF-IDr)
Both fluxes are independent of x. Flux conservation implies that the two
are equal, and this leads to the relationship

|AF +|DP=IBE +|CF
If we now insert

C=8,4+5,D
B=S,4+S,D

into the above relationship we get
[AF + | DF=(Syd + SD)(SyyA4* +5,D%) +(Syd + SD)(S;1 * +S,D%)

Identifying the coefficients of |4|* and |DJ?, and setting the coefficient of
AD* equal to zero yields

1S, F+1S, P=1
1S, [ +18, =1
S5 + 5,5 =0

Consider now the matrix
sre (su Suj
AS‘12 SZ2

The unitarity of this matrix implies that
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that is,

|8y P 418, =18, P +18, P=1
S8 + 5215, = 0

These are just the conditions obtained above. They imply that the matrix S*
is unitary, and therefore the matrix S is unitary.

2. We have solve the problem of finding R and 7' for this potential well in
the text. We take 7y < 0. We dealt with wave function of the form

™ + Re™ x<-a
e
Te' x>a

In the notation of Problem 4-1, we have found that if 4 = 1 and D = 0, then
C=3511=T and B = S,; = R.. To find the other elements of the S matrix we
need to consider the same problem with 4 =0 and D = 1. This can be
solved explicitly by matching wave functions at the boundaries of the
potential hole, but it is possible to take the solution that we have and reflect
the “experiment” by the interchange x = - x. We then find that S;» = R and
S», = T. We can easily check that

|8 [+ 18, =18, [ +1 8, P=IRE +|T =1

Also
8,85+ S8,y = TR* +RT* = 2Re(TR*)

If we now look at the solutions for 7 and R in the text we see that the
product of 7 and R* is of the form (-i) x (real number), so that its real part
is zero. This confirms that the S matrix here is unitary.
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8. The barrier factor is ¢* where

25 ,h21(1+1)
= hLodx pes —2mE

where b is given by the value of x at which the integrand vanishes, that is,
with 2mE/I*=k*, b = .,/ I(1+1) /k .We have, after some algebra

s:z,/1(1+1)j';lbd—: -
:m{lulﬁ% @&, /b)l}

‘We now introduce the variable /= (Ro/b) ~ kR, /I for large /. Then
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for /<< 1. This is to be multiplied by the time of traversal inside the box.
The important factor is /- 2 Tt tells us that the lifetime is proportional to
(kRo)™?" so that it grows as a power of / for small k. Equivalently we can
say that the probability of decay falls as (kRo)*.




