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Berry connection

Berry curvature

Time reversal

Space inversionCell-periodic Bloch state

Review: Symmetry:
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Pf:

Under one-band approximation
(same as the adiabatic approximation)

Velocity of electron in an electric field,

Choose time-dependent gauge

To the 0-th order, just replace

and
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Current density

Hall conductivity 
(T=0)

First Chern number

For a filled band n, the integral over Fn is an integer

As a result, the Hall conductivity is quantized.    

>> Quantum Hall effect



6

The topology in quantum Hall effect

 
2

2

2

1

)
2

(
1

H n
B

z

Z

n

e
d k F k

h

e
C

h




 
  

 






Hall conductivity for the n-th band

1st Chern number (an integer for a filled band, 
proved later) 
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First, classical Hall effect (1879)
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Hall effect in 2-dimensional electron gas (2DEG)

2DEGGaAs/AlGaAs heterojunction

subbands

• At low T, the dynamics along z-direction 
is frozen in the ground state  2DEG

• Apply a strong B field, then there are 
Landau levels (LLs)

CB edge

VB edge

Conduction electrons 
are trapped here
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Landau levels 
(LLs) 

E
ne

rg
y μ

Cyclotron energy 

(H in Gauss)

• Landau levels have non-zero Chern numbers

• Hall conductance is quantized whenever the 

Fermi energy lies inside an energy gap

∗

(for GaAs, m*=0.067m)
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[Integer] Quantum Hall effect (von Klitzing, 1980)

h/e2 = 25.81280745 k-ohm
accurate to 10-9, a defined value after 1990

1985
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Hall resistivity and conductivity at plateaus
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Filling factor

Aoki, CMST 2011Disorders and Hall plateaus

(there is no plateaus in a clean 2DEG)

Broadened LLs 
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To observe IQHE, we need

• Two-dimensional electron system

• The breaking of time-reversal symmetry

• Filled energy bands (insulator) with non-zero Chern numbers

• Landau levels (IQHE)

• Bands with magnetization (QAHE)  next chap

(Low temp, high B field are usually required)

Examples of Macroscopic Quantum Phenomena

• Superconductivity (Onnes, 1911)

• Superfluidity (Kapitsa, 1937)

• Quantum Hall effect (von Klitzing, 1980)

• Bose-Einstein condensation (Cornell and Wieman, 1995)

• …
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Quantum Hall Effect in 2D systems

• Si MOSFET (von Klitzing et al, 1980)

• GaAs heterojunction (Stormer, 1982)

• Graphene (Novoselov, Science 2007)

• Polar oxide heterostructures (Tsukazaki et al, Science 2007)

• Twisted bilayer graphene (Lee et al, PRL 2011)

• TMD: WSe2 (Movva et al, PRL 2017)

• InSe (Bandurin et al, Nat Nanotech 2017)

• Tellurene (Qiu et al, Nat Nanotech 2020)

• Twisted Bilayer MoTe2 (Cai et al, Nature 2023)

…

Need to break time-reversal symmetry

Transition Metal 
Dichalcogenide

過渡金屬硫化物
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let’s review the Berry curvature of a spin-1/2 electron:

(phase f is ambiguous at q=)

n̂

div at q=

div at q=0

Before introducing the proof that C1 is an integer,

Dirac string

Dirac string

The presence of the Dirac string is an example 

of the topological obstruction.
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Vorticity of the 
singularity
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Total Berry flux is quantized.

We can use two patches of gauge to avoid the singularity

The same analysis applies to the magnetic monopole in real space. 

So the flux of a magnetic monopole (or the monopole charge) 

needs be quantized.
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Now, back to the quantum Hall system
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Gauge 
transformation

Using two patches of gauge to avoid singularity

Pf :
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is an integer
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Robust Edge state in quantum Hall insulator

LLs

Skipping orbit (chiral)1. Classical

2. Semiclassical

3. Quantum

Bending of LLs 
near boundary

Energy levels of edge 
state appear within 
an energy gap

3 levels of understanding
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Semiclassical picture:                               
energy levels must cross each other near the 
interface (otherwise the topology won’t change).

→ gapless states bound to the interface, 
which are protected by topology.

Different topological classes

Eg

Bulk-edge correspondence in 
topological materials

• No general proof, but (for non-interacting 
electrons).no counter example either.


