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I. INTRODUCTION

At T = 0, to get the expectation value of an observable
in the ground state, one only needs to take the quantum
average,

(A) = (TolA[Tp). (1)
At T # 0, both quantum average and thermal average
are required,

¢—BEn

<A>T = Z ?<W7L‘A|\I/n>) (2)
in which 8 = 1/kpT, Z is the partition function, and ¥,,
is the manybody eigenstates.

If the number of particles is not conserved, then we
need to use the grand canonical ensemble, and

D IDIEE

N=0 n

—B(EY —uN)
‘ (WNAEY),  (3)

where

Z= Ze*ﬁ(EszV’“N) =e P (4)
N,n

in which Q is known as the grand potential. Define
the grand canonical Hamiltonian and the density
operator as,

K = I:I—,uN, (5)
. 1 4% _R
po = e P =070, (6)

then (neglect ~ from now on)

Z = Tr e PE (trace over [TN)),  (7)
and (A)p, = Tr [eﬁ@—K)A} = Te(pcA).  (8)

Il. GREEN FUNCTION

The finite-temperature Green function is defined as,

e—B(EN —uN)

Gap(t,t') = —ZZ () |Taq(t)al(t')|T))

— i [eﬁm—mTaa(t)aL(t’)] , (9)

where

a,a(t) _ eiKt/ha}aefiKt/h’ (10)
eiKt/ﬁal'lefiKt/h. (11)

There are two types of exponential in the trace, pg =
e PK/Z and U(t) = e *Kt/" They satisfy

9pa

i oU

These two equation are formally the same if we identify
t = —ihT, or T =it/h € R. (14)

Thus, define the Matsubara-Green function as,

Gop(t,7') = =Tr [P BT oy (T)ag(r)|,  (15)

in which
ao(7) = eXTaqe 5T, (16)
Ao(T) = e57al e K7 (17)

These two operators are not hermitian conjugate to each
other when 7 is real. From now on we set A = 1.
A. Basic property

The Matsubara-Green function G,g(7, 7’) has the fol-
lowing properties:

1. Gop(T, 7)) = Gop(T — 7).
Pf. For 7 > 7/,
Gop(r, 7)) = —eP Ty [e’ﬁKeKTaaefK(T*T/)a%e’KT’}

— POy [e—ﬁKeK(T—T’)aae—K(T—T/)GH
= Gop(r—7). (18)

The proof for 7/ > 7 is similar.

2. Gop(7) is discontinuous across 7 = 0.

Pf. We consider the cases for bosons and fermions simul-
taneously,

Gap(0T) —Gup(07) = —Tr eBO—K) (a al ¥a};aa)
—_———
50(3
= —0ap. (19)
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FIG. 1 Matsubara Green function G« (7) for (a) bosons, and
(b) fermions. Fig from Coleman’s note.

The upper sign is for boson, and the lower sign is for
fermion. 3. Gog(7) converges only if —3 < 7 < §.
Pf. If 7 > 0, then

Gop(T) = — T eK(T*'B)aae*KTa};(O)] . (20)

Because the energy eigenvalues would approach +oco (but
not —oo), the exponential factor e=%7 converges, and
ef(7=6) also converges when 0 < 7 < 3.

Similarly, if 7 < 0, then the exponential factor e on-
verges, and e~ K(3+7) also converges only when —f < 7 <
0.

4. Periodicity:

KTC

Gop(T) = £Gop(T+ p) for 7 <0, (21)
Gap(T) = £Gap(t — B) for 7 > 0. (22)
Pf. For 7 <0,
Gaop(T+8) = —ePOTy [6_6K6(7+B)Kaa€_(T+6)KCLE]

= -y [eTKaaefTKefﬁKaH

= Py [ePE a};aa(T) ]
———
::N:T,.aa(T)a};

= £Gap(7). (23)

The proof for 7 > 0 is similar.
The result of these four properties is summarized in
Fig. 1.

B. Fourier transformation

Since Gop(7) is defined within the interval [—0, 5], it
can be expanded as,

oo

Gag(T):% > e G 4(n). (24)

n=—oo

Its inverse transformation is,

Gagp(n)

1/
= 5/ dTe”TnT/ﬁGa/g(T)
-B

1 O , 1 8 .
= 5/ drei™ /8 Gop(T) +§/ dTe“””/BGag(T)

-8 ~—— 0
+Gap(T+8)
e—ifrn B . ,
= = / dr'e™ ™ /BG4 5(7")] 4 2nd term above
0
8 .
- / dre™ IG5 (r), (25)
0
in which n is even for boson, odd for fermion. That is,
B .
Gaplivy) = / dre*“n" Gop(T), (26)
0

wp = 2nZ  for bosons,
(27)

wn = (2n + 1)% for fermions.

The frequency w, is known as the Matsubara fre-
quency.

A brief summary:
To move from T = 0 to T # 0, the following substitution
is required:

1. it — T, (28)
2. w— Wy, (29)
[e%S) ] B )
3. / dte“"t—>/ dre'nT, (30)
—o00 0
4 1 ,
4. /dwe*m - = e wmT, 31
B> @)

1Wm

C. Spectral representation

Consider the following ground-state average at T = 0,
Cip(t) = —i8(t)([A(t), B(0)]5)o, (32)

where A, B are a,, and/or af,. If (A, B) = (aa,ag), then
CL5(t) is the retarded Green function Gfﬂ. Recall that
(Chap 6),

Cliptw) = [ dte'ciin(t (33)
AOanO BOnAnO
-y ( _x ) (34)
n W_wn0+“7 w+wn0+”7
in which wy;, = wy — w. When T # 0, but still with
real time and canonical ensemble,

0114%3 (w)
=2Pm( — F .>,(35)
— W — Wpm +11n W+ Wpm + 111
Amanm e_ﬁEn

- N(P, T P,)—LmnZlmm_po_ (36
Z( + )w—wnm+zn Z (36)

mn



Now with imaginary time (still in canonical ensemble),
for 7 > 0, define
Cap(r) = —(T-A(1)B(0))

—%Tr (e_BHeTHAe_THB)

(37)
(38)

1
-7 E e_BEme_T(E”_E’")Amanm.(SQ)
mn

It follows that,

B
Cap(iwg) = / dreieT (—ZPmeT(E"E"")Amanm>
0 mn
Amanm
= P, FP,)————. 40
S (P E P (40)
Comparing Eq. (36) with Eq. (40), we have
Clp(w) = Capliwg — w +in). (41)

The advanced function can be obtained in a similar way
with the substitution iwy, — w — . This remains valid
for grand canonical ensemble. One only needs to replace

E, — K, = E, — uN,

and Z — Z, Z — Z.
n N,n

Note (important): The analytic continuation iw;, — w +
in cannot be applied before doing the 7-integral. See
p. 263 (and p.297) of Ref. 3.

In the spectral representation, the Matsubara-Green
function for fermions can be written as,

(42)
(43)

a/Oz mn aT nm
Gapliwe) = > (Pm+ Pn)M (44)
B dw Aap(w)
N /%iw—w’ (45)
where
Aap(w) = 27> (P + Po) (@) mn (@) nm0(w — wim)

mn

—2 Im Gug(iwg — w +1in).

also (46)

111. NON-INTERACTING SYSTEM

Consider non-interacting bosons/fermions with the
grand canonical Hamiltonian,

Ky=Hy— uN = Z(aa —p)al ag. (47)

In the Heisenberg picture, a,(t) = e'otq,e~Hot, Also,

e "N g, et

etag,

—uN T uN _ —p, T
e ale = e *al,.

Since [Hy, N] = 0, we have

ao (1) = eBK0Tq e 0T = ¢7%aTq,, (50)
Ao (1) = efoTql e7KoT = gfaTql | (51)
where £, = ¢, — .
One can show that,
(alag)o = 607’8—715 (52)
a50_6650¢1_aa57
1
where n, = ——.
ePéa 1
Pf. Ref: p. 224 of Kubo, Statistical Physics II.
—BKo
(a}la;;)o = Tr <6 Z a:;ag) (53)
1
= gTr (1age*’8K0aL) (54)
= ¢ % (apal)o, (55)

where we have inserted e~ #KoefKo at the location “17.
From the (anti-) commutation relation, one has

F(akas)o = dag — (agal)o, (56)
and Eq. (52) follows.
With time dependence, we have
(aa(r)as(r'))o = e Naqal)odap.  (57)

Therefore,
Ggﬁ(T - T/)
= _<T‘raa(7)@,@(7'l)>0
—0(1 — ') (aa(r)as(m"))o F (7" — 7)(as(")aa (7))o
b0 [0(T — 7)1 £ ng) £ 0(7' — T)ng) e 2= (58)

See Fig. 1 for plots of the non-interacting Matsubara-
Green functions. Its Fourier transformation gives,

B )
Gg(iwn) / dTe“""TGg(T)
0

B L
—(1 :i:na)/ dreliwn—Ea)T
0
1

—_— 59
Wh — Eq (59)
Note that G (iw, — w + in) gives the non-interacting
retarded Green function.

Now we transform the Matsubara-Green function back
to the time domain,

1

GO(r) = 3 D e TG (iwn), (60)

iwn =g(iwn)

where w,, = 2nrn/f for bosons, or (2n + 1)x/8 for
fermions. A trick can be used to evaluate the summa-
tion:
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FIG. 2 (a) Poles at iw, and the encircling path. (b) An
inflated path of integration, avoiding the other poles. (c)
Since the large circle and the opposing horizontal paths in
(b) make no contribution, only the small circles around other
poles are left.

First, note that the Matsubara frequencies iw,, are poles
of the distribution functions,

n(z) = for bosons, (61)

efz —1

or = for fermions. (62)

ez +1

Therefore,

271m n(z)g(z)dz = = Zg iwn). (63)

zwn

Pf. Because of the Cauchy residue theorem,

! z)dz = Z Res [n (20), (64)

27i

in which C' is the path in Fig. 2(a). Near a pole,

1 _ 1 (65)
eﬁz T 1 - eﬁiwneﬁ(zfiwn) T 1
1
~ - 66
1+ 8(z —iwy)] F1 (66)
1/p
= ) 67
Z — Wy, (67)
Therefore,

. 1

Res n(iw,) = ig, (68)

and Eq. (63) follows.

Second, we now inflate the contour C' to a large circle,
but avoid crossing the poles of g(z) (see Fig. 2(b)). If
n(z)g(z) decays faster than 1/z, then the integral around
the circle at infinity is zero. Therefore, only the integra-
tion around the poles of g(z) survive (see Fig. 2(c)),

%dz :?{ dz + ?{ dz (69)
‘ o o

clockwise

—j(I{ dz, (¢ is counter — clockwise). (70)

Apply the Cauchy residue theorem to the second integral,
it follows that (cf: Eq. (64)),

- Zg an - - Zn(zl)ReS g(zl)v (71)

W L

where z; are the poles of g(z).
Now, choose

e~ T?

9(z) = e TG (2) = ———=, (72)

z—Eq

which has a simple pole at &,, and Res g(z;) = e 7%=,

Also, note that

n(z)g(z) ~ e P?e™*/z for Re(z) >0, (73)
~ Fe 7%/z for Re(z) < 0. (74)

Both cases lead to converged result if =8 < 7 < 0. There-
fore, from Egs. (60) and (71), we have

GO(r<0) = 7 - Zg iwn) (75)
_ ]' —€aT
= ¥ = T¢
= Tn(E,)e %", (76)

What if 7 > 07 In this range, we need to choose

1
e Pz’

n(—z) = (77)

then

n(—2)g(z) ~ Fe 7%/z for Re(z) > 0, (78)
~ eP?e7"* /7 for Re(z) < 0. (79)

Both cases lead to converged result if 0 < 7 < 8. There-
fore,

0 _ —EaT
Go(r>0) = iie—ﬁéa = T¢
= tn(—£€4)e "7 (80)
Since
1+ n(én) = Fn(—Ea), (81)

combining Eqgs. (76) and (80), we are back to Eq. (58).
For reference, for bosons/fermions, one has

- ~ 1 dn
n(éa)[l £n(éy)] = P (82)
It follows that, for fermions,
%1310 Bn(l —n) =6(,). (83)



IV. INTERACTING SYSTEM

For an interacting fermion system,

H = Hy+ H', (84)
or K = Ko+ H'. (85)
Gap(r,7') = —(Traa(r)ag(r")) (86)
_ T [EiﬁKTTa;a(T)C_Lﬂ(T/)] )
Tr (e=PK)
in which a,(7) = eX7a,e 57, and one traces over ezxact

manybody energy eigenstates |¥2). Similar to the T' = 0
case in the preceding chapter, we treat the interaction
as a perturbation and trace over non-interacting states
|®N). Note that here the adiabatic assumption is not
required.

First, write

e BT = e~ K0T (7,0), (88)
where Uy (r,7') = eFKome=K(m=7) =Ko’ Then,
oU
(,)’T(T) = K0T (Ky — K)e KomU(7,0)
= —H(r)U;(1,0). (89)

It follows that,

Ur(r,0) = Z(’l)n /OTdﬁ.-.dTnTT[H;(ﬁ)..-H;(Tn)]

n!

n

= T.e Jo dr'Hi(7"). (90)
Since aro(7) = eXoTa,e Ko7 we have
ao (1) = eXTe Ko qr, (1) eBome KT (91)
Ur(0,7) Uy (7,0)
ag(t') = U0, 7)ars(7")U(7',0). (92)
Also, write
e P = e~ PRy (B,0), (93)
then for 7 > 7/,
Gop(T,7") (94)

_Tr [efﬁKOU](ﬂ,T)ala(T)U](T, T')C_L]B(T')U[(’r/, O)]
Tr [e=BEoU(3,0)] '

The case for 7 < 7' works similarly. Thus, the

Matsubara-Green function can be written as,
T,.Ur(B,0)ar(T)a !

Goglr ™) = _(T-UL(B, 0)ara(T)ars(m')o (95)

(U1(8,0))0
(Tye I Ay (T)ags (7))o

(T, e I arHG)y

(96)

The subscript “0” means that we use e #¥o for thermal
average and trace over non-interacting eigenstates |®2).
This is the finite-temperature generalization of the Gell-
mann and Low theorem. To calculate it, we need to
expand the exponential with the interaction. Again the
Wick theorem would be of great help for our calculations.

A. Wick theorem

Recall that for 7' = 0, the Wick theorem (1950) is
about moving a, to the right, and taking advantage of
aq|Po) = 0. It is an operator identity, and the ground-
state average of the operator product is eventually left
with fully contracted terms.

In comparison, the Wick theorem for T # 0 (1955)
is not about moving a, to the right, since ay|®,) # 0
for excited states. Also, it is mot an operator identity,
since ensemble average is required, and the thermal fac-
tor e PXo ig essential for this theorem. However, the
algebraic forms of this two theorems are quite similar,
and the Matsubara-Green function would also be decom-
posed as fully contracted terms.

First, recall that

e BKo

_ BO—BK,
Tr (e=PKo) '

(A)o =Tr(poA), po =e (97)
Second, the contraction between two operators is de-

fined as,

=
AB = <TTAB>0 = TI‘{,OOTT(AB)}. (98)
For example,
agag = 0, (99)
/\?
aLaB = 0, (100)
alag = <aTa>—6aiﬁ—n5 (101)
a8 = aﬂ_eﬁgk:!:l_ozaﬁa
TRty e
aaaﬁ = <ao¢a/g> = 1 7 e_Bék = (1 + na)éaﬁ,102)
—_——
ao(T)ap(rt’) = —Ggﬂ(ﬂ 7). (103)
The Wick theorem at finite temperature goes as,
(T;ABC --- XY Z), (104)

= (T, ABC---XYZ)o+ (T, ABC--- XY Z)g+-- -,

where A, B,--- are creation or annihilation operators.
The contracted terms can be moved out of the brackets.
One then keeps contracting the operators till everyone is
paired. A proof of this theorem can be found in, e.g.,
p. 679 of Ref. 1.

It’s clear that, further derivation just duplicate the
analysis in the 7' = 0 theory. For example, the T" # 0
theory also has the linked cluster theorem and the
Dyson equation (see Chap 6).

V. GREEN FUNCTION IN MOMENTUM SPACE

Consider

K =3 (eha =~ majatna+ Ve, (105)
ka



the Matsubara-Green function at the zeroth order is,

Z/ dre™nTe Zk‘"Gaﬁ(r T)

= bap >
Blwn — €ka

G?w(k, iwy) =

(106)
To the first order,

Gap(k,iw,) = GO (K, iwy,)

B ) ,
_ / dreien (=) (_1) / A Ty Vo (71 ) (7 (7))o
0

where

Vee T 2V E ’Y]’YQ’YQ’Y] a'kl-‘rq,% ko —q,v2 Akoyo Ak -

kikaq
(108)
The operators are all at the same time 7. To contract
operators with the same time, use

(@aag) = —(Tragal,(0%))
= Gga(07)

1 .
= B Z ew)nnGﬁa(iwn)a n= 0+‘ (109)

That is, when Ggﬂ connects to the same wavy line, the

factor e™n" needs be inserted.

Using the Wick theorem, and following the same pro-
cedure as the T' = 0 theory, one would get the Hartree-
Fock self-energy below (see Chap 6, assuming e, = €k
is spin-independent),

d3q 1 . wnn
Q= 255 52 @ i) VOO

G°(q,07)

k-q 3 |
th'—L‘ = /(3753;2(;0((1,1@;“)6@"77 [*V(k—q)(lll)

q

The Matsubara-Green function is spin-independent, and
the subscript is omitted (see Eq. (58)),

1

0fry 0= — _
G'(q,07) = prc e LS (112)
It follows that,
d3q N
H _ _ v
nH = 2/ GrnV0) = V). (113)
d3q

This is the same as the T" = 0 result in Chap 6, except
that ng can be a fraction of one.

At finite temperature, the Feynman rules for electron
self-energy are:

(107)

1. At the n-th order, draw all topologically distinct con-
nected diagrams with n wavy lines, 2n vertices, and 2n+1
solid lines.

2. Each solid line is Ggﬁ(k), k = (k,iw,). For a closed
loop, or a segment linked by the same wavy line, alter it
to G 5(k)e" .

3. Each wavy line is Vv(’*)r'w (@)

4. Associate each line with a 4-momentum, and the 4-

momentum flow needs be conserved at each vertex.

5. Sum over internal degrees of freedom (4-momentum,

spin ... etc), (1/Vo) > 4,...- The energy integral should

be understood as the Matsubara-frequency sum.

6. Multiply the summation by (—1)"(—1)%, where n is

the order (or half of the number of vertices), and F is

the number of closed fermion loops. Note: for photon

self-energy, n is one-half of the number of vertices (or

the number of internal momenta).

This is essentially the same as the Feynman rules at zero

temperature, except numerical factor in the last one.
For example, for the bubble diagram, we have

dk: 1ZGO

k+q

= (-1)%2 )GO(k + q)

= 11%(q), (115)

in which & = (k,iwm), ¢ = (q,iv,). Be aware that
the v, from the photon propagator is bosonic, instead
of fermionic. Now, for fermions, using

2 Z fliwn) =Y n(ze)Res f(z), (116)
1wy, L
we have
1 1 1
=) GG° = = 117
ﬁzm: ﬂ;iwm—ékiwm—i—wﬂ—ékﬂ( )
1 1
= Zn(zz)Res ( — - — )
7 Z—Ek 2+ Wy — Eftyq
B 1 1
T Bk + 1iv, + E — §k+q
1 1
- 118
+ ePehta + 1 —ivy, — € + Ektqg (118)
— Tk T Mhtq (119)
Wy + € — Ek+tq
Note that e*®¥» = 1, since v, is bosonic. Thus,
d3k —
11°(q, iv,) = 2/ _ Dk~ Thtg (120)
(2m)3 vy, + € — Ektq

Again after the analytic continuation iv,, — v + in, it is
the same as the [T at T = 0, except that now ng can be
a fraction of one.

One can consider the bubble diagram with dressed
fermion lines,

() = /d?’klZG

Gk +q), (121)



in which

1
Gk)= ———. 122
(k) iwy — & — 2(k) (122)
Y (k) is the proper self-energy due to, e.g., impurity scat-
terings (next Chap) or electron-electron interactions. Us-
ing the spectral representation in Eq. (45),

) dw Ag(w)
K, iwn) = | ook 12
Gk, i) 2T (W — W (123)
one has
3 Z G(k)G(k + q)
B Z/ dwdw A (w)Agyq (W)
] (iwm — w) (iwm, + v, — W)

m

_ /_ dwda; Ak(w)Ak+q(w/>nk(W) — Nprg(W Fivy,) (125)

(2m)

The right-hand side can also be rewritten as,

*© dw
[wiﬁaw

Wy, +w—w

[Ar(W)G(k + q,w + ivy)

+ At (@)Glk,w

“2f i [t

x[()aw+qw+wm+AH4>mkw—

—ivy)]. (126)

Thus,

(124)

(127)

Exercise:
1. Show that the real-time Green function at finite
temperature (see Eq. (9)) satisfies,

Gop(t,t') = £Gap(t+iB,t") for t >t/
= +Gap(t —iB,t') for t <t

(128)
(129)

2. Start from Eq. (60), using similar procedure that leads
to Eq. (75) for GO (r < 0), verify that the Matsubara-
Green function GO 0 (7 > 0) is given in Eq. (80).

3. (a) Show that the grand potential Q for non-
interacting bosons/fermions is

1 )
Q=+-— Z In(—iwy, + €,)e"n".

a,iwn,

(130)

(b) Sum over the Matsubara frequencies, and show that

Q= i%Zm O (131)
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