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I. INTRODUCTION

We start with the Green function for systems at zero
temperature. This is first developed systematically by
F. Dyson in late 40’s, in the context of QED. The Green
function for systems at finite temperature is introduced
in the next chapter.

A. Definition

In the Heisenberg picture,
al () = eth/halefth/h. (1)
The one-particle Green function is defined as,
Gap(t,t') = =i(Wo|Taq(t)aly(t') [ Wo), (2)

where |¥q) is the exact manybody ground state, and T
is the time-ordering operator,

Ty
Taa(t)as(t) = { —ag(t Jao(t) if t <t ®)
That is,
Gap(t,t) = — i6(t —t')(Vo|aa (t)afy(t)|Wo)

+ 0t — t)(Volal,(t')aa(t)|To).  (4)
We can also define the retarded Green function,
Gla(t,t') = — i6(t — t'){Lolaa(t)afy(t')|To)
— i0(t — ') (olafy(t )aa ()| Wo).  (5)

The original Green function is easier for calculation, but
the retarded Green function is closer to experimental ob-
servables.

Given an one-body operator,

A= Z Asgaléag, (6)
ap
its expectation value can be written in Green function,
, 1
(ol A W0) = ~i Y AJGpaltsth). (1)
aff

The arguments ¢,t' in the formulation above can be ex-
tended to (r,t), (r',¢'), and

(Dol A(r, )| Wo) = =i > AN Gpalr,t,r,tt).  (8)
ap

For example, for the particle density,

p(I‘,t) = ’L/JT(I‘, t)?/J(l",t% (9)
we have

<\I/0|p(1‘,t)|\110> = 7Z'G(I‘,t,1‘,t+). (10)

B. Non-interacting system

Consider a non-interacting Hamiltonian,

Hy = Zeaalaa. (11)
Since
thae = [aq, Ho|l = €a0a;, (12)
we have
aa(t) = e “ta(0), wa =cea/h, (13)
and

(@olaa(t)af(t)|Po) = e~ H 5 5(1 —na),  (14)

in which |®g) is the non-interacting manybody ground
state.
As a result,

Gagp(t,t') (15)
= e w5 s[—if(t — t')(1 — ng) + i0(' — t)ny),

which is diagonal in «, 3, and depends only on ¢ — t'.
Similarly,

Gl (t,t) = —ie (1 =15,50(t — ). (16)

Guoplw) = / Qe G (1)
= fi(;ag/ dte!@wa)te=mt (1 _ p)
0

0
+i5a5/ dtetw—waltgtnty
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The factors eT"(n = 07) are inserted to ensure that the
exponentials could converge at ¢t = +o0.
Similarly, for the retarded Green function,

1—ng, Na

Gg[)’(w) = 5&5 +5a,3 (18)

W — Wq + 1 W — Wq + 11

1

_ 19
W — Wq + 1 (19)

= 6015

Note that the factors £in play a crucial role here.
For a free electron gas, a = (k, s), and (G4 = Gaa),

1—ny Nk

Gks(w) = (20)

W—wE+in  w—wp —in

For the ground state at T' = 0, the first term vanishes for
€k < W, while the second term vanishes for e > p.

C. Interacting system, Lehmann representation

Consider interacting systems and focus on diagonal
Green function,

Go(t,t) = — i0(t —t')(Wo|a(t)lal ()| ¥o)
+ 0t — t)(Tolal, (') 1aa (t)|Wo). (21)

Insert complete sets to the locations of 1 above,

L= [Un)(Wnl = (W) (¥,

(22)

where |U2) and |¥)) are the eract energy eigenstates for
(N +1)-particles and (N —1)-particles. With the relation,
(Tolaa ()W) = (Wole' M Mage /MWL) (23)
= et (Wolaa|V7),
h%/z\o = Evjzv—‘rl_E(J)V’

we have,

Go(t, 1)
= 0~ ) Y et et (Wolan W) (Wh[ah [ W)

n

+if(t — 1) Y eTenoteT ot (g |af WY ) (B |aq| o)

n

= — 0t —1) Y e = |(Whaf | W)

+ 0t 1)y et WY a, [Wo) [ = Gt —t).
Also, one can show that,
Ga(w) (25)

|<‘I’X|%‘I’o>|2)
w + wyo — i1

/ At Gy (1)

_ (W7 ]ad[To)|?

= g A — +
W_Wno‘f'“?

n

(24)
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FIG. 1 Singularities of the Green function in complex hw-
plane.

This is called the spectral representation, or the
Lehmann representation of the Green function. Note
that,

hwpy = By — By
— E7{LV+1 _EéV-‘rl +EéV+1 _Eé\f
=AEN*! =u(N)
> p. (26)
The pole of the second term is at
—hwyy = —(EY T - EY)
= = (B BT+ EY - E) !
=AEN-? =pu(N-1)
< p. (27)

See Fig. 1 for the location of poles. We have assumed
that N > 1, so that u(N £ 1) ~ u(N).
For the retarded Green function, we have
A (W
GR(w) = /dw' G

_— 28
w—w +in’ (28)

N
Q
E\
I

> WD lal [ Wo) *6(w’ — who)

+ D WY aalTo)20(w’ + wyp) > 0. (29)

It gives the energy resolution of a particle in state-c, and
is called the spectral function. It can be shown that,

| dedue) =

—00

(Wolagal|Wo) + (Wolaf,a|¥o)

= 1. (30)
The spectral function can be measured by photo-emission
or electron tunnelling. See p. 442 of Ref. 1 for more
details.

Conversely, the spectral function can be written in re-
tarded Green function,

Ag(w) = —%Im GR(w). (31)



Local density of states (LDOS) is the spectral function
with spatial resolution,

Ar,w) = —%Im GR(r,r,w) (32)
= > KA () To)P6(w — wpp)

n

+ D N ()W) Po(w +wylp).  (33)

n

The LDOS can be probed by STM.
For non-interacting systems, from Eq. (19), one has

Ap(w) = 6w — wg)- (34)

If the state-a is not steady, but decays with time due to
interaction, then

GE(t) = —if(t)e ™wate /T, (35)
As a result,
1
GE _ 36
@)= (36)

and the spectral function is a broadened delta function
(Lorentzian distribution),

1 1/
Aa(w) = T (w—wa)?+ (1/7)2 (37)
= 6 (w—wq).
II. EQUATION OF MOTION
Start from
Gasle,2') = — it — ) (a(@)0} (o
+ it — ) (2 )va(z))o,
we have,
i0Gap(w, ') = + 5(t— 1) (alz)Pf(2")o
+ 0t = 1) (h (") (@))o
— 0t — t')(z@twa(x)wﬁ(x’»
+ 0t — £)(f(2)idrpa(x))o- (38)

For interacting fermions,

/deJf
+ §/dv1dv2w$(r1)¢§(r2w(r1 — 12)Y5(r2) iy (r1),

in which every field operator has the same time ¢. Let
x = (r,t), then the equation of motion (EOM) for field
operator is (h = 1),

iawa(x)
ot

t)Hopy(r,1) (39)

[ta, H]

= HoYo(r) + /d4$1¢T(fU1) s(r = 21)0 (21)Ya(z

in which
Vs(x —21) =V(r —11)d(t — t1). (40)
It is a static instantaneous potential. Therefore,

10;Gop(z, )
= bapd(x — ') + HoGop(z,z")

- i9(t—t')/d4$1%($—xl)<¢i(3«“1)%(3«“1)%(%)%(%’)>0

T / A Vi — 0) (0 (@) (1) () ()
= bapd(x — ') + HoGop(x,z")
— i [ Ve = o) (bl (o)l @), (@)

where z1 = (r1,¢1), xf = (r1,t; + 0T). Note that inside
the time-ordering product, a minus sign pops up when-
ever we exchange two fermion operators.

Define the two-particle Green function as,

Gaﬁ'yé (xlv x2,I3, 174)
= (=) (Wo|TWa(21)¥s(22) 0] (23)0] (24)| Wo),(42)
then

.0
<28t - H()) Gop(z,2")

+ Z./d4xlvs(l“ —xl)Gawﬂ(vath’z/)
= Sapd(x — ). (43)

The EOM for two-particle Green function would in turn
be related to four-particle Green function ... etc. To
solve the EOM, approximation is required by writing the
two-particle Green function approximately in terms of
one-particle Green functions.

The expectation value of a two-body operator can be
written in terms of two-particle Green function. Given
an operator,

Z Aaa,[j ﬁa al o 0Bas, (44)
0401',3 B

using the Green function, its expectation value can be
written as,

1 2
(WolA(0)[Wo) = 5 D Al psCaroc (b 1,174,
o (45)
45
For example, for the interaction,
1
V=g [ @Vl 6 ()sw), (10)
one has (p. 116 of Ref. 2)
1
(V) = —5/dvdv’VOEi),ﬁ,ﬁGﬁ/Baa/(r’,O,r,0;r,0+,r’,0+).
) (47)



I1l. PERTURBATION THEORY

One major problem in calculating the Green function
is that |¥y) is unknown, which is the manybody ground
state of

H=Hy+V. (48)
Assuming Hj is solvable, then one can treat V as a per-

turbation, and calculate the Green function using per-
turbation expansion.

A. Interaction picture

Recall that in the Schréodinger picture, the opera-
tors are fixed, and the states evolve with e *#f. In the
Heisenberg picture, the states are fixed, while the op-
erators evolve with e *H*. In the interaction picture,
we let the operators evolve with Hy,

Ap(t) = etHot ge=iHot (49)
and the states evolve as,

[Ur(t) = e ws(t)

U (1) ), (50)
with
iU (t,t") = Ht)U(t,t). (51)
Therefore,
0 (1)) = Vi(t)[Wr(t)), (52)
where Vi(t) = e fotye=tHot, (53)
If one writes
(W1 (t)) = Ur(t,t)[¥1(t)), (54)

then the evolution operator satisfies,

10U (t? tl> = ‘/}(t)UI <t7 t/)' (55)

Therefore,
t
Uitt) = 1= [ dnvile)Uie, )
t/
t
— 14— )/ V()

+ (1) /dtl/ dtaVi(t1)Vi(tz)
(56)

For the third term, we can write

/ dtl/ dt1Vi(t1)Vi(t2)
t’ t’

- 2 / aty [ dtaVit Vi)

t

t>tg >ty >t)

to
+ 5/ dtQ/ dtyVi(t)Vi(t1) (t>ta >t > )
t’ t’

1 t t
_ 5/ dtl/ dta0(tr — 1)V (1) Vi (1)
t/ t/

1 t t
+ 5/ dtQ/ dt10(t2 *tl)V](tg)V](tl)
t’ t’

_ % / ity / At TV (E)Vi ()], (57)

This can be applied to high-order terms. For example,
for the next order, there are 3! ways to arrange the order
of tl, tg, t3. ThUS,

o0 1 t
Ur(t,t) = Zﬁ/ dty - dt, T [Vi(ty) - - Vi(tn)]
n_o . t/
= T e i Jir Vi), (58)

So far, no approximation has been used.

B. Gell-Mann and Low theorem

Since we have no idea what |¥g) is, we need to rely on
non-interacting manybody ground state |®g) to calculate
the matrix elements. This can be done using the trick of
adiabatic switch-on,

Vi(t) = Vi(t)e e, (59)

That is, the interaction is turned on and off adiabatically.
As a result,

Wor) = Ui(0,—00)  |®0) (60)
e ~~
interacting G.S. non—int G.S.
= U;(0,—00)| — 00). (61)
Also,
[Wor) = Ur(0,00)|00). (62)

If the ground state (assumed to be non-degenerate) re-
mains gapped from excited states, then after the evolu-
tion, we are back to the original ground state,

|00) = €| = 00). (63)

However, if the energy gap closes during the evolution,
then the system may undergo a quantum phase tran-
sition. This brings a qualitative change to the ground
state, and the perturbation approach fails.



Now,

(UolAp (1) Vo)
= (Wor(t)|Ar(t)[Wor(t))

= (oo| Us(oo,t)Ar(t)Us(t, —00)| — o0)
e_xcxﬂ
(=00|Ur (00, t) Ar(H)Us (t, —00)| — o0)

(—o0fo0)
(®o|T [e—iffooo dt’Vz(t’)AI(t)} @)
(@|T e~ /7 V) | gy

: (64)

in which (—oo|oo) = (—oo|Ur (00, —00)| —00). This equa-
tion is first derived by Gell-Mann and Low (1951). Sim-
ilarly,

(Uo|T[Am (t1) Br (t2)]|Wo)

(—oolUr (00, t1)Ar(t1)Ur(ty, t2) Br(t2)Ur(t2, —00)| — 00)

{=o0loo)
(@[T %% dt/vl(t')AI(tl)Bl(tQ)} [®o)
(Do|T e_iffowdt/vl(t/)@& .

The first equality is for 1 > o, but the case with t; < to
works the same way:.

C. Wick theorem
According to the equation above,
~i(Wo|Taq (t)af(t')| o) (66)

‘<(I>()|T[ —i [ dt"Vi(t )aa(t)ag(t/)] Do)
<(I)0|T e—iffooo dt’VI(t’)|q)0> .

Gop(t,t')

Since V7 is quartic in aq,a),, the Taylor expansion of
et/ dt"Vi would produce terms with many a,,al’s. We
need a systematic method to calculate their matrix ele-
ments. The Wick theorem below is of great help to break
down these higher order terms.

First, it helps to move annihilation operator a,, to the
right, since it would annihilate the ground state |®g).
Note: if |®g) is the Fermi sea, then
G 18 an annihilation operator if €, > ep;
al is an annihilation operator if ¢, < ep.

This motivates us to define the normal ordering,

N(aaag) = —agaa. (67)
Again there is a flip of sign whenever two fermion oper-
ators are exchanged.

Second, define the contraction of two creation or an-
nihilation operators as,

~ =N

AB = AB — N(AB). (68)

(65)

Since N(AB) = AB or —BA, one has

Py
AB =0 or {4, B}, (69)
which is a c-number either way. Therefore,
P
AB = (00| AB o) = (@9 AB|Do).  (70)
With time-ordering, we have
AB = TA®B() — NAW®)B() (71)
— 0t — ) A()B(t') — O — )B()A(t) — NAt)B(Y)
_ { 0t —t){A(t),B(t')}, or0 (fort >t), (72)
+0(t —t"){A®t),B(')}, or 0 (fort>1t').

in which N(AB) = AB, or —BA.

A and B are either a or af, and in the inter-
action picture, an(t) = eflotq e tHot e Wwaty .
Thus, the anti-commutators are numbers. For example,
{aa, (t), al(t')} = e~iwatTiwat'5, 5 Therefore,

= =
AB = (®o| AB [®0) = (®o|T'AB|®). (73)

The fact that the anti-commutator between creation
and annihilation operators is a delta function, instead of
an operator, helps simplifying the contraction. This is
crucial to the following analysis. It is not so for spin
systems, for example, so that the Wick theorem is of
limited use there.

Example 1:

——~

aa(t)ay(t') = (Po|Tan(t)

iGoa(t,t).

aly (') ®o)
= (74)
That is, the contraction gives you a Green function. Also,
—_— —_——
it is not difficult to see that a,(t)ag(t) and aL(t)a;(t’)
are both zero.
Now we are ready to present the Wick theorem
(1950):

T(ABC---XYZ)
N(ABC--- XY Z)

~ N —~=
N(ABC-- - XYZ)+N(ABC--- XY Z)+ -

+
+ 2 pairs of contractions
+ 3 pairs of contractions

+ all paired. (75)
Be aware that to contract two operators, they need be
brought together first, possibly producing a sign flip. It’s
not difficult to see that, after being sandwiched by |®g),
all of the terms vanish, except the last one, which is a

product of Ggﬁ’s (Example 1). The proof of the Wick
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FIG. 2 Six ways to contract the field opeartors in Eq. (81),
and their diagrams.

theorem can be found in Ref. 3, for example, and is not
presented here.

Example 2: Recall that the contractions aqag and alag

are 0. Thus,

T(ala;avatg)
= N(ala}‘ga,ya(;)

~ = ~ =

— N(ala,) a;a(; +N(af as) a;gaﬂ,
~ = i ~ = i

— ala, N(agas) + al as N(aga,)

e Y N NN

— ala, a;ga(; +alas a};av . (76)

IV. ONE-PARTICLE GREEN FUNCTION

We are now ready to calculate the Green function,

Ga,@(ratarlat/) (77)
—i(Wo| Topa (x, )], (', )| Wg)
. <@O|T e—i f_ao(x) dt//VI(t//)wa(I),l)Z}L(x/)} |(I)O>
<(I)0|T efi ffooo dt/VI(t/)|®0>

)

in which z,2’ are 4-vectors, e.g., x = (t,r). All of the
field operators are in the interaction representation. The

(a) (b)

FIG. 3 Connected diagrams at the first order.

integral of the interaction can be written as,
/ dtvi(#) (78)

= %/dt/dvldv2wi(rl7t)wg(r2,t>v(r1 — 1)
x15(ra, t)1hy (r1,t)
- / dhad ol (a0 0] (02) Vi (1 — w2)ibs (22)10n (1),

in which V(21 — 22) is defined in Eq. (40).
Expand the exponential,

et AtV — 1 _ %/d4$1d4$2 e (79)
Then for the numerator of Eq. (77), the first term is,

—i(®o|Ta ()9} (2)|®o) = Gogl,2').  (80)

The second term is of the form,

_ )2
%/d4x1d4x2<Tw1¢;¢2¢1wm¢l/>vs(xl — ). (81)

There are six ways to contract the field operators (see
Fig. 2). In the figure, a segment of a solid line repre-
sents a Green function, and a wavy line represents an
interaction. The first and the second are disconnected
diagrams. They’ll be cancelled by diagrams in the de-
nominator (—oo|oco) (more details below).

Following the same procedure, one can show that the
denominator generates the following diagrams,

<_°°|oo>=1+% +% @+ (82)

A. Linked cluster theorem

According to the linked cluster theorem, which
won’t be proven here, only connected diagrams con-
tribute to Gop (see Sec. 8.3 of Ref. 3). For example, to
the first order,

(1+ Qe e ) (42 8 SO )

(83)
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FIG. 4 Connected diagrams at the second order.

This is exact to all orders of expansion! Therefore,
Gop(z,2') = —i <Te_ifdtlvfwa(x)w};(x’)> . (84)

The subscript ¢ means that only connected diagrams are
included.

All of the connected diagrams at the first order and
the second order are shown in Figs. 3, 4. In Fig. 4, there
are two wavy lines in each diagram because of two V;’s in
each term. In general, for a n-th order diagram, there are
n wavy lines, and 2n + 1 segments of solid lines (Goaﬁ’s)
due to the contraction of 4n + 2 field operators.

In general,

G=G"+G" +G*+ -, (85)

where
Gt G's'GY,  »' = 2 typesin Fig. 3, (86)
G* = G°%2G°, ¥, =10 types in Fig. 4, (87)

Or,
G = G'+G"SG°,
where ¥ = 21422 4., (88)

The ¥’s are called self-energy diagrams.

B. Dyson equation

Diagrams (a)~(d) in Fig. 4 can be separated to two
parts by cutting only one solid line. We call these re-
ducible (or improper) self-energy diagrams. Diagrams
(e)~(j) are irreducible (or proper) because they would
not be separated by cutting just one solid line.

32, can always be written as X'G°S!, similarly for
higher orders. In general, if ¥* represents irreducible, or
proper self-energy, then

Y =2+ UGUS 4+ B GOSF GO 4 (89)
It follows that,

G = G+ G'T*G, (90)
1
or G (CORES (91)

This is the Dyson equation, which can be represented
by the diagrams in Fig. 5 (a).

+

(b)@ |1F 9
@ SCHF @ .

FIG. 5 The Dyson equation in diagrams. (a) Fermion prop-
agator dressed by proper self-energies. (b) The self-energy in
(a) that corresponds to the HFA and the self-consistent HFA.

V. GREEN FUNCTION IN MOMENTUM SPACE

For a system with translation symmetry, it is con-
venient to calculate the Green function in momentum
space. Let’s start with an electron gas with the Hamil-
tonian,

H= Zwkaalaaka + Voo, o = spin. (92)
ko
The Green function is,
Gap(k,t —t') = —i(@g[Te ™" Ve qy  (t)af 5 (¢')| Do)

(93)
In frequency variable, it is

G (k,w) = / e Gt — ). (94)

— 0o

The zeroth-order Green function is given in Eq. (17),

Ggﬁ(k,w) — 5&6( 1 —ng n N )

wW—wg+1in  w—wg—in
= dapGo(k,w). (95)
To the first order, we have
Gapk,w) = Ggﬂ(k,w) (96)
—i [0y [an (TV.)ara(0a],0))
where
1
Vee(t) = 57~ > (97)
kik2q v1v27{75

2
V'Y(i’z’é’YZ’Yl (q)azﬁ'qﬁi (t)a£2—q,fyé (t)akz,’YQ (t)akh’h (t)
If the interaction is spin-independent, then
(2) _
Vyhévﬂl (@) = V(@)0y;7, 0457, (98)

Now, for connected diagrams,

(Tal (t)al (t)ar, (t)a, (B)aa(Dal(t))
— (T, (t)al () (Tal, (1), (1) (Tal, (0)aa(0)

— (Ta (t)ab () {Tal, (1)ans (00)) (T, (F1)aa (8)
+ another 2 terms with (y; ¢ 72). (99)



Therefore, using Eq. (74), we have
(=T +)e
= Gglﬁ(k7 tl - t/)ng,Y{ (kQ, O
Xékkl 5k1+q,k25k2—q7k
- G,Oylﬁ(k, tl - t/)ng’Yé (kg, O_)GO 4 (k, t -

avq
X Okekoy Oy — g, k2 Oks +q,k
+ another 2 terms with (y; ¢ 72).

_)Gooz'yé (k7t - tl)

t1)

(100)
Note that,

(101)

G,y (k2,07) = —i(Ta,,(0)al, (07)

i(al, (0%)ar, (0). (102)

Also, ei@(t—t) = giw(t—t)giw(ti—t')  Therefore,
Gl ( w)

DD

k1k2g v1v27175

v LSV @Gk w)G, (k4 q,0-

Y2ay2 ﬁ
qvy2

i (2)
w2V

ayav28
Ok
272

dtdt, eV,

"/1 '72'72'}’1

(CI)<T ’ '>c

2Vo
)Ga(k,w)

(0)G3(k,w)GT, (ka2,07)Go (k,w)

K nr kK %7k
B—> ﬁ—>§_>“
k-q %q + 787, .

k’Z

e k

Note that the internal variables of a diagram needs be
summed, and

dw’ 0~
0 o 0 —iw'0
G, (ke,0) = [ 5565, () ¢ (103)
eiw'n n>0
For spin-independent interaction, we have
(2
Z Viers(@ = V(@)ap, (104)
(2
ZVM% = 2V(a)das- (105)
Also, for the instantaneous potential,
Vi(q) = /des(x)ei‘” =V(a), (106)

in which ¢,z are 4-vectors, ¢ = (qo,q) or (w,q), and

qgr =wt —q-r.
Use
1 / dw / dq
Fy e gt
. 21 (2m)*

(107)

shift q to q — k, also V(—q = V(q)), it follows that,

C[dt
a9 (k) —21/(273’4

Hartree

V.(0)G2 (g)e™™m (108)

Gap(k)

o 2-
b / #mk—q)az(q)e 01| GO ()dag.

Fock

The self-energies inside the square bracket are shown in
Fig. 5 (b). If the nude G° is replaced by the dressed G,
then we have the self-consistent Hartree-Fock ap-
proximation.

In the first term, we have

d*q i
/ (2m)4 (@)
= / d3q @ ! — g + g etqon
(2m)3 21 \go —wqg+id o —wg — 0
[ d’q
i / i
N/2

2 due to spin. (109)

1
‘/0 )

Because of the factor %7, we have to close the path
of the gp-integral over the upper-half complex plane (see

Fig. 1). The time integral in the second term can be
handled similarly. Finally, the HF self-energy is,
N d3q
k) = V(0)— — V(k— . 110
8 =VO) ~ [ GrgVie—an,. (110
Hartree Fock
To the first order,
1 1
Guk,w) = = . 111
(RS ST S

The pole of one-particle Green function, w = wy, + X},
determines the energy of a quasi-particle. In the next
chapter, we’ll see that the pole of two-particle Green
function determines the energy dispersion of collective
excitation.

A. Feynman rules

For the diagrams in momentum space, we have the fol-
lowing rules for electron self-energy.
1. At the n-th order, draw all topologically distinct con-
nected diagrams with n wavy lines and 2n + 1 solid lines.
2. Each solid line is Ggﬁ(k:). For a closed loop, or a seg-

ment linked by the same wavy line, alter it to Ggﬁ(k)eik(’”
(see Eq. 102).
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FIG. 6 (a) Interaction line dressed by self-energies. (b) Low-
order terms in self-energy.

|

3. Each wavy line is Vi/ /.., (q)-
4. Associate each line with a 4-momentum, and the 4-
momentum flow needs be conserved at each vertex.
5. Sum over internal degrees of freedom (4-momentum,
spin ... etc), (1/Vo) D pa...-
6. Multiply the summation by i"(—1), where n is the
order (or half of the number of vertices), and F' is the
number of closed fermion loops. Note: for photon self-
energy, n is one-half of the number of vertices (or the
number of internal momenta). See Ref. 3.

For example, for spin-independent bare-particle energy
Wka — Wk, GY — G, and spin-independent interaction,

q J—
n3I - ’YQ’YQ
a--H>H--a Y273

, d4q iqon
- - / GG @e V0, (112)

spin

‘ 2
(q)e qonva(viwa(o)

a Kn'qrn @

k-q a4
& """ = Z / q Y172
d4

- Z/ (%iGO(q)eWVs(k—q)-

These are the two terms in Eq. (108).
As another example, consider the bubble diagram in
photon self-energy. According to the Feynman rules,

_ &k,
ﬂg / ami©

k+q
4
_ 721'/ TG0 GO(k + g)

(2m)*

This is the lowest order term in the self-energy of inter-
action line (see Fig. 6). In general,

Verr(a) = Vi(q) + Vs(@)II*(q)Vs(q) + - - -
_ Vs(q) V()
C1-T*(q)Vs(g)  €(g)’ (115)

where €(q) = 1—1I"(q)V(q).

(k)Gora(k +q) (114)

= Ilp(q)-

(116)

The IT* in Eq. (114) is essentially the density response
function xj in Chap 3 (see Prob 3). In the next Sec, we
study the polarization due to the bubble diagram. This
is also known as the random phase approximation,

) iqonV’y{a’ha(k _

(113)

because it’s equivalent to the “random phase” (literally)
approximation in the EOM approach by Bohm, Pines,
and Sawada (see Sec 4.3 of Ref. 4). This is a good ap-
proximation if the electron density is high, kpag > 1.
For low-density electron gas, ladder diagrams would be
more important. See Chap 10 of Ref. 6 for more details.

VI. ELECTRIC POLARIZATION

Recall that GY is given in Eq. (95). Thus,

) d*k
(o) = =21 [ G706+ 0 (117)
- _27;/ d?’kdko 1-— ng Nng
n (271')4 ko—bdk+i7] ko—wk—in
poles at LHP poles at UHP
y 1 —npiq Nk+q
ko +qo — Wikiq + 10 ko +qo — Wkyq — 1M

poles at LHP poles at UHP

After the multiplication, there are four terms in the in-
tegrand. For the LHPXLHP (UHPxUHP) term, if we
choose the path of integration to be an infinite half-circle
over the upper-half (lower-half) plane, then the result is
zero since no pole is enclosed. That is, only cross terms
survive. Using the Cauchy residue theorem,

7§alzM = 2mif(z0), (118)
c Z =20
we can get

d3k 1-—-
thog) = 2 [ g | Ot

(27m)3 [ qo + Wi — Wrtq + 2in

(1 - nk)”k-’rq :| (119)
qo + Wk — Whq — 217

_ 2/ d3k (nk—nknk+q i
(27m)3 \ qo — wiq + 2in

1
—((2k-q+¢%).
m

NENk4q — nk+q)
. )
qdo — Wkq — 2277

where

Whq = Whtq — Wk = (120)
For its retarded counterpart, flip the sign of —2in in the

second term, and get

d3]€ NEg — Ng
i (g) =2 / e 121
0 (Q) (27T)3 Q0 — Whq + 2,”7 ( )
This agrees with the Xg in Chap 3.
Use the Plemelj formula,
. .
%1_% TEin PE Find(z), (122)
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FIG. 7 Creation of an electron-hole pair when (a) ¢ < 2kr,
and (b) ¢ ~ 2kp.

then one has,

2P/ dgk Nk — Nk4q
(27)3 qo + Wi — Witq

3k 1 1
or = 2P/ d 3nk< — )
(2m) o — Wkq o + Wiy

We have changed k + q — —k to get the second expres-
sion, which only involves filled states. For the imaginary
part,

Re Ho(q)

(123)

3

Im Iy(q) = 727r/ 370k (1—=Nk14)0(q0 —wiq). (124)

(2)

We have dropped the second delta function, assuming
go > 0 (the factor ng(1 — ngyq) ensures that wgg > 0).
This is proportional to the absorption probability con-

verting a photon to an e-h pair. For more discussion, see
p- 159 of Ref. 2.

A. Static polarization

For the static case, gy = 0, and

Im Io(q, 0) = 0. (125)
Thus (see Sec. 14 of Ref.2),
d3k 2
II 0) = -2 126
0(a,0) / (27r)3nkwk+q — (126)

1 1—2%2 1+4=x
(€F)(2+ ir nl—x) <0

Fr,(z), Lindhard function

where D(er) = mkp/h?*7?, and = q/2kp. This repro-
duces the result in Sec. I1.C.1 of Chap 3.

The derivative of the Lindhard function has a singu-
larity at ¢ = 2kp (see Chap 2). This is related to the
following fact: The integrand in Eq. (123) has the nu-
merator ng44 — Nk, which is non-zero when ¢, < ep
and €j4q > €p. This corresponds to the creation of an
electron-hole (e-h) pair with momentum q (see Fig. 7).
The phase space available for such a process drops sud-
denly when ¢ = 2kp.
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FIG. 8 Graphic solutions of Eq. (128). The curves are plot-
ted using the LHS of the equation. At high frequency, it
approaches 1/w.

As mentioned in Chap 3, such a singularity leads to
the Friedel oscillation of electron density. It is also re-
sponsible for the Kohn anomaly in phonon spectrum.
In 1D, electron-hole pairs with ¢ ~ 2kr dominate low-
energy excitations, which makes the singularity more se-
vere. It would cause spontaneous lattice dimerization in
a half-filled energy band. This is called the Peierls in-
stability.

Note: In 2D, the singular behavior at ¢ = 2kr could be
enhanced by the nesting of Fermi surface.

B. Dynamic polarization

To the lowest order,

_ V(a)
1 —To(q)V(aq)

If TIs(¢)V(q) = 1, then the dielectric function e(q,w) =
0, and there exists elementary excitations in the electron
gas. Consider the real part,

ddk’ ng — Nk+
Re II =2 —
O(q) / (27_[_)3 qo — wkq

Vers(q) (127)

To meet the condition ITyV = 1, one needs (adopt finite-
space version, and rewrite qo as w)

2 Nne — Ng
Viag Y=L

128
D (128)
The excitation energy of an e-h pair (neglecting interac-
tion) is bounded,

1 1
——(q* = 2kpq) <wiy < %(tf + 2kpq).

o (129)

The denominator of Eq. (128) can be zero when w falls
within this range. The left hand side of Eq. (128) as a
function of frequency is plotted in Fig. 8. This equation
has solutions when the curves intersect with the horizon-
tal line at height 1.
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FIG. 9 Elementary excitations of an electron gas in (a) 3D
and (b) 1D . The figures on the left are low-energy e-h pair
excitations near the surfaces of Fermi spheres. The excita-
tions in 2D are similar to those in 3D, except that the plasma
excitation is gapless.

There are two types of excitations: (1) Those in the
range Wmin < w < Wpmaee are e-h excitations (quasi-
particles). (2) The one with w > wpqs is a plasma wave
(collective excitation), which can be viewed as a coherent
e-h excitation. For an infinite system with V5 — oo, the
e-h excitations are dense in energy (see Fig. 9 (a)).

Note that when w = wyy, the imaginary part
Im IIp(q) # 0. As a result, the e-h pair has a finite
lifetime. This is called Landau damping.

In 1D, there is a blank area at low energy in Fig. 9 (b),
in which e-h excitations are forbidden. This is due to
the fact that in 1D, the momentum q of an e-h pair can
only be parallel or anti-parallel to kg (see the plot on the
left).

To get the energy dispersion of the plasma wave, let
la] — 0, and use

on
Mg = Nk = wkan)z’ (130)
then

2 Ng — Nitq

Vo zk: W — Wkq
~ 2% _ O\ wkg
I 7 Owy, ) w— Wig

k
1 ! (kg/m) cos 6

= — k2dk5(wk—sF)/

272

(see p. 261 of Bruus and Flensberg)

ko q? 3 /qup\?

= —_— ]_ —_ (7) “e .
32 mw? + 5\ w +
~—

n

dcosf
1 o8 w — (kg/m) cos @

(131)
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FIG. 10 Irreducible self-energies of an electron at the first
order and the second order.

Recall that V(q) = 4me?/q¢?. It can be shown that the
resonant condition gives,

4 2 2
w? = e +6€7Fi+..., (132)
m 5 m
w2
p
or
2
q 3€F 0.64
= L oa=2E-22 133
“l)=wptal, a=cE=Tm (13)

This is the same as the result in Chap 3.

VIl. VERTEX CORRECTION

In Fig. 10, we have listed again the irreducible self-
energy diagrams up to the second order of interaction.
For reference, there is no reducible self-energy at the first
order (see Fig. 4), but four reducible self-energies at the
second order. At the third order, there are 74 self-energy
diagrams: 32 reducible, and 42 irreducible. See Ref. 5
for a complete list if you're curious.

If we use dressed particle line and dressed interaction

line below,
+ 2 + _&_ toann

Ay = o + A+ AAOMOVE A

(134)
then except (2e), all of the figures in Fig. 10 belong to
the following skeleton diagrams.

-2 -2~ 7

Obviously, a diagram with two external particle lines or
two external interaction lines can be included in a dressed
solid or wavy line. However, a diagram with two external
particle lines and one external interaction line might not




be. Some examples of such diagrams are,

>wm>}

These vertex diagrams can be divided into two types
It is called a reducible vertex if, by cutting one solid
line or one wavy line, the diagram is disconnected. For
example, diagrams (b) and (e) are reducible, while (a),
(c), (d) are irreducible.

Reducible vertices can be simplified by replacing exter-
nal lines with dressed lines, and thus belong to the two
skeleton diagrams above. On the other hand, irreducible
(or proper) vertices cannot be simplified this way. Those
cannot be lumped to the two sets above can be collected
as,

4 =
A

» SR

A Ak
AL

ﬁ%@

(137)
The blob is called a vertex correction.
Note that there is no vertex correction to @, since
Thus, finally
@ (139)

For more details, see Chap 11 of Ref. 6.

When you calculate the electrical conductivity, vertex
correction for diagrams dealing with impurities needs
be considered to get the correct transport relaxation
time, otherwise the quasi-particle relaxation time
is obtained instead (Ref. 7, also Chap 8).

Exercise:
1. The non-interacting Green function in the frequency
domain is written as

1—n, N

G? = 00p-
as(w) (w—wa—i—in—l_w—wa—in) p

(w), show that

By Fourier-transforming G?

Gog(t—t')

= e Wl [—if(t — ') (1 — ngy) +i0(t' — t)na] 6ap,
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where 6(t —t') is the step function.
2. In general, the Green function for interacting electrons
can be written as

w—e) —B(k)’ (140)

where k = (k,w). The proper self-energy may have both
real and imaginary parts, ¥ = Y/ +4i%”. Define the quasi-
particle energy as (k) = &) + ¥/(k), and let e(kp,0) =
0 (this defines kp). Taylor-expand e(k) to first order
around (kp,0) and show that

Z

Gk = g i (141)
where
. 0% (k. 0)
1 _ N )
z ' = . (142)
e = Z(k—kp)- -2 Ree(k,0).  (143)

Ok

3. The time-ordered density response function for a ho-
mogeneous system is given as,

i .
Ky liew) =~ / 4t (o Tk, £)p(—k. 0)[ To),

(144)
where |Ug) is the many-body ground state.
(a) For an interacting electron gas, show that,

<\IJ0 |Tp(k, t)p(fka 0) |\IIO>

where |®g) is the non-interacting ground state.
(b) Expand to the “zero-th order” in V.., show that
Xpr;O(k, w) corresponds to the bubble diagram in RPA.

4. Two metal leads, A and B, are held at different
chemical potentials, p4 and pup = pa + eAV. The leads
are separated by a thin slab of insulator. The electrons
in one lead can tunnel through the insulator to the other
lead via the coupling,

HT = Z (taﬁal‘b,@ + t;ﬁbgaa) 5
ap

(145)

where al, (b%)) creates an electron in lead A(B). The tran-
sition rate of tunnelling from B to A is given by the Fermi
Golden rule,

Wosa =21 Y |(Fltapalbs|I)*6(Ep — Er),  (146)
F
where the initial states and the final states are
1) = [vd™)wg'),
[F) = [N athns—h), (147)

ZF = ZnAnB’ and

_ pNa+l, pNp—1_ pN Np _
Er—Er=E " +E,?7 —Eyj* —Ey'? = wp,0+Wngo,

(148)

= (®o|Te ) Ve p(K, 1) p(—k, 0)| Do),



where wy, ;0 = ENat — B4 and wy, 0 = ENE-1 - E)'®.
(a) With the help of

0(Ep — Ey) = /dwé(w — Wn,0)0(w 4+ wnyo),  (149)
show that
Wssa = Qﬁ\tag|2/ de;f(w)Ag(w —eAV), (150)
0

in which the spectral functions are given by

Abw) = D 1 al lvg™) 28w — wns0),
Aj @) = Y e bslvg™)8(w + wnp0)-(151)

(b) Even though Wa_,, is integrated over all w > 0, the
integrand is nonzero only over a finite interval of ener-
gies. What are the lower bound and upper bound of this
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interval?
Ref: Sec. 8.4 of Ref. 2.
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