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Semiclassical electron dynamics in solid
(Ashcroft and Mermin, Chap 12)
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•Bloch oscillation in electric field,

quantization -> Wannier-Stark ladders

•cyclotron motion in magnetic field,

quantization -> de Haas - van Alphen effect

•…

Negligible inter-band transition (one band approximation)
“never close to being violated in a metal”

•Lattice effect hidden in E0 (k)

•Derivation is harder than expected

Explains

Limits of validity



Semiclassical dynamics - wavepacket approach
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1. Construct a wavepacket |Wthat is
localized in both the r space and the k
space.

2. Using the time-dependent variational
principle to get the effective Lagrangian
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3. Determine the trajectory (rc(t), kc(t)) that
minimizes the effective action
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•Berry curvature •spinning angular momentum

•(integer) Quantum Hall effect

•(intrinsic) Anomalous Hall effect

•(intrinsic) Spin Hall effect

Anomalous velocity
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“Anomalous velocity”due
to the Berry curvature

Equations of motion

Wavepacket energy
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Semiclassical language

Quantum Hall effect
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(In one Landau subband)



gives correct order of magnitude for Fe,
also explains 2
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Anomalous Hall effect
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•Smit’s skew scattering mechanism (1955)

•Berger’s side jump mechanism (1970)

Alternative mechanisms (extrinsic):

“The difference of opinion between Luttinger and Smit
seems never to have been entirely resolved.”
CM Hurd, The Hall Effect in Metals and Alloys (1972)

Smit: KL’s (intrinsic) mechanism vanishes in a lattice w/o disorder

“It is now accepted that two mechanisms are responsible for
the AHE: the skew scattering… and the side-jump…”
(Crepieux and Bruno, PRB 2001)



Mired in controversy from the start, it simmered for a long time
as an unsolved problem, but has now re-emerged as a topic
with modern appeal. -- Ong

Karplus-Luttinger mechanism:

Science 2001

Science 2003



Valence band of GaAs:
ˆ

(helicity)
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Intrinsic spin Hall effect in p-type semiconductor
(Murakami, Nagaosa and Zhang, Science 2003; PRB 2004)

Berry curvature in valence band,
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No magnetic field required

Spin-dependent
transverse velocity
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One band A band with
spin DOF
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Basic quantities (scalar)

Dynamics

Basics quantities (matrix, boldface)

Dynamics

Chang and Niu, PRL 1995, PRB 1996
Sundaram and Niu, PRB 1999

Wavepacket formulation
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Emergence of curvature by projection

•Free Dirac electron

•4-band Luttinger model

Curvature for a subspace

Non-Abelian

x
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vu

Analogy in geometry

J.E. Avron, Les Houches 1994

Curvature for a complete space

(Murakami, Nagaosa and Zhang,
Science 2003; PRB 2004)
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Dirac wavepacket as a trial case

(Free particle in external fields, positive-energy projection)

2-fold degeneracy

 SU(2) gauge field
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The spinning wavepacket gives the
correct Zeeman energy with gL =1 !
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•Angular momentum of the wave packet

(Compton wavelength)c mc
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•Precession of spin (reproduces the BMT eq.)
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•Center-of-mass motion in E field
(for low v, linear in field)

Spin-dependent
transverse velocity

Particle
momentum

Transverse remains conserved (= 0) !k
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“hidden”momentum
(Jackson, Classical ED,
the 3rd ed.)
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•Gauge structure
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Ref: Bliokh, Europhys. Lett. 72, 7 (2005)

(not monopole-like)



Shockley-James paradox
(Shockley and James, PRLs 1967)

A simpler version
(Vaidman, Am. J. Phys. 1990)

A charge and a solenoid:
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Poynting
q

Momentum
flow // M E
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Resolution of the paradox

•Penfield and Haus, Electrodynamics
of Moving Media, 1967
•S. Coleman and van Vleck, PR 1968
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•semiconductor electron

Berry curvature in
conduction band?

8-band Kane model
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SO split-off
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Gauge structure in conduction band
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Re-quantize the wavepacket theory. Why bother?

Bohr-Sommerfeld quantization (Onsager, 1952)
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Canonical variables in the semiclassical theory:

new “canonical”variables,
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The “Yafet”term

0( , ) ( ) ( )

( )
2

c c c c

c

r k E k e r

e
k B

m

 

 

H

L

  
 

Energy in old variables

SO coupling is
now explicit !
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Effective Hamiltonian for Dirac wavepacket
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Dirac Hamiltonian (4-component)

Quantum Pauli Hamiltonian (2-component) Cf: Silenko, J. Math. Phys. 44, 1952 (2003)

correct to first order in fields,
exact to all orders of v/c!

•generalized Peierls substitution

•Semiclassical energy

C.P. Chuu et al,
to be published

Seems
strightforward,
but nontrivial

Fool-proof
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Effective Hamiltonians for other subspaces

0( 0)E 



summary

•gauge structure (gauge potential and gauge field)
for Dirac electron and semiconductor carrier

•wavepacket dynamics for Dirac electron and
semiconductor carrier

•generalized Peierls substitution

•effective quantum Hamiltonian


