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Monte-Carlo simulations of polymer crystallization in dilute solution
C.-M. Chena) and Paul G. Higgs
School of Biological Sciences, University of Manchester, Manchester M13 9PT, United Kingdom

~Received 7 July 1997; accepted 8 December 1997!

Polymer crystallization in dilute solution is studied by three-dimensional Monte-Carlo simulations
using the bond fluctuation model. We study monodisperse chains of moderate length, intended to
model recent experiments on monodisperse alkanes with length of a few hundred carbon atoms, and
we also investigate chain folding of very long polymers. For monodisperse flexible chains we
observe both extended-chain and once-folded-chain crystals. The simulations illustrate the range of
defects and irregularities which we expect to find in polymer crystals. The roughness of the top and
bottom surfaces of the lamellae is measured. Chain ends can be seen as cilia emerging from the
surfaces. Folds are found to occur with approximately equal frequency on top and bottom surfaces.
Although most chain folds are aligned perpendicular to the growth direction, a significant number
of chains folding parallel to the growth direction are found as defects. The simulation includes a
chain stiffness parameter which has an important effect on chain folding kinetics. When chains are
semi-flexible the crystals formed are extremely irregular with many defects including holes and
blocks of extended chains within the folded chain lamellae. For very long chains we show that the
lamellar thickness is determined by the folding kinetics. The thickness diverges as the temperature
approaches the infinite chain melting pointT` . ForT→T` , the thickness is close to the theoretical
minimum thickness, which indicates the dominant importance of the entropic barrier in
crystallization. © 1998 American Institute of Physics.@S0021-9606~98!52510-X#
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I. INTRODUCTION

The study of polymer crystallization has received co
siderable attention since the discovery of crystallization
thin lamellar polymer crystals in solution in 1957. For a r
cent review see Ref. 1. In general, polymers can form tw
dimensional lamellar crystals in both melts and solution. T
crystal thickness decreases continuously with supercoo
for polydisperse polymer chains, and is mainly determin
by folding kinetics rather than by energetics: although th
crystals are thermodynamically more stable than thin cr
tals, thin crystals can grow faster than thick crystals at la
supercoolings.

There are many attempts to explain the physical ori
of polymer crystallization. The secondary nucleation the
of crystallization2 is a coarse-grained model which correc
predicts the growth rate of crystallization for polydisper
polymers. The nucleation barrier has now been recognize
be entropic.3 Various modifications of the nucleation theo
have been applied to study morphology of the crystal4–6

fractionation,7 and layer thickening.8 An alternative fine-
grained model takes a rather different approach involv
rough growth surfaces and molecular pinning.9–11 Crystal
thickness and growth rate calculated from this model are
agreement with results of the nucleation theory. The ab
models provide simplified views of polymer crystallizatio
A more realistic picture of polymer crystallization is desir
to include both chain connectivity and entropic barrier.

The discussion above applies to polymer crystallizat

a!Present address: Department of Physics, National Taiwan Normal Un
sity, Taipei 11718, Taiwan, Republic of China.
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in polydisperse systems. However, recent experiments
monodisperse alkane chains12 show anomalous growth rat
of crystallization13,14 and a marked preference for ‘‘intege
folding.’’ 15 Crystallization of monodisperse alkanes has
cently attracted considerable interest both experiment
and theoretically. For temperatures lower thanT1 ~the crys-
tallization temperature of extended chain crystals!, the
growth rate initially increases with supercooling, pass
through a maximum, and falls to a minimum at a temperat
T2 ~the crystallization temperature of folded chain crystal!.
Below T2, the growth rate increases sharply with superco
ing. Real-time small angle x-ray scattering experiments sh
that extended chain crystals form at temperatures betweeT1

andT2, and once-folded chain crystals form at temperatu
below T2 .13 This anomalous temperature dependence
growth rate is interpreted by the so called ‘‘self-poisoning
effect, which is due to wrongly folded chains on the crys
surfaces preventing the adsorption of further correctly po
tioned chains. Sadler and Gilmer modified their row mod
by including a preferred thickness which seems to give c
rect trends of the growth rate in monodisperse system16

Although this model might not provide a true representat
of polymer crystallization, it does mimic the ‘‘self-poisonin
effect’’ in crystal growth.

Previously we presented a model17 to describe the self-
poisoning effect in monodisperse alkane crystallization a
the minimum in the growth curve. The one-dimensional v
sion of this model is simple enough to solve the growth r
analytically. The two-dimensional version, representing
growth of one single lamella, was studied by Monte-Ca
simulations. In this paper, we study the kinetics of cha
folding during polymer crystallization in dilute solution b
r-
5 © 1998 American Institute of Physics
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three-dimensional Monte-Carlo simulations using the bon
fluctuation model. The method of Monte-Carlo simulation
for polymer crystallization is described in Sec. II. In Sec. III
we discuss the results from Monte-Carlo simulations fo
monodisperse flexible polymer chains at different temper
tures. The effect of chain stiffness of polymers is discuss
in Sec. IV. In Sec. V, we study the crystallization of ex
tremely long polymer chains in dilute solution. Section V
contains the discussion and conclusions of this paper.

II. ALGORITHM OF MONTE-CARLO SIMULATION

The bond fluctuation model is an efficient method o
simulating the dynamics of large numbers of polymer chain
It was originally introduced by Carmesin and Kremer18 for
studying dynamics of polymer chains in various spatial d
mensions. Since then it has been used for investigation of
crossover between Rouse and reptation dynamics,19 for
studying interdiffusion of polymer blends,20 and the dynam-
ics of polymer melts near glass transition.21

Each monomer in the model occupies a 23232 cube of
sites on a cubic lattice~see Fig. 1!. The set of allowed bond
vectors is

B5P~2,0,0!øP~2,1,0!øP~2,1,1!øP~3,0,0!øP~3,1,0!,
~1!

where P(a,b,c) stands for the set of all permutations an
sign combinations of6a, 6b, 6c. The number of configu-
rations per bond isz5108. The length of one bond can take
any one of the 5 values 2,A5,A6,3,A10 ~in units of lattice
spacing!. Chains satisfy the excluded volume constraint: n

FIG. 1. 2 chains of 8 monomers are shown. All monomers are shown in o
plane for convenience although the simulations are done in 3D. Attractive
interactions of strength 1 occur whenever there are two parallelP~2,0,0!
nonsuccessive bonds on neighboring lattice sites. The bond may be on
same chain or different chains. An attractive energye is also added when-
ever two successive bonds on the same chain are parallel and are
P~2,0,0!.
-
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lattice site may be occupied by more than one monom
Each attempted move is to move one monomer by one la
site in one of the 6 lattice directions. The move is rejected
the new position breaks the excluded volume constraint, o
the new bond vectors between the monomer which w
moved and its neighbors are not contained in the setB. The
set B is chosen to satisfy the constraints of both exclud
volume between monomers and topological entanglem
between chains~i.e., two chains cannot pass through ea
other!. If any other bond vectors were added to this set,
chains would become ‘‘phantom’’ chains.

In order to model crystallization we have added attra
tive interactions between chains which are different fro
those used in the previous studies.20,22 Polymer crystals con-
tain arrays of parallel stems held together by short ra
attractive forces. This is modeled by an attractive interact
of energy21 unit whenever there are two parallelP~2,0,0!
bonds ~non-successive! on neighboring sites. In addition
there is an energy of2e whenever there are two successi
parallelP~2,0,0! bonds on the same chain~see Fig. 1!. This
additional energy is to model the energy difference betw
gaucheand trans bonds of polymer chains~or equivalently
the kink energy!.

Simulations are carried out at a constant temperaturT
using the Metropolis algorithm. If any attempted move
monomers satisfies the excluded volume constraint and
new bond vectors are still in the allowed set, then the mo
is accepted with probability

w5min@1,exp~2DE/T!#. ~2!

The two parameters in the model are the temperatureT and
the stiffness parametere. If T/e@1 andT is not much less
than 1, the chain behaves like a self avoiding walk. IfT/e!1
the chain will be rod-like. In order to determine appropria
parameter ranges for the simulation, we measured the a
lar correlations between nearest neighboring bonds (f 1) and
next nearest neighboring bonds (f 2) as a function ofT/e ~as
shown in Fig. 2!, where f 1[^ui•ui 11&en, f 2[^ui•ui 12&en,
andui is the unit vector of thei -th bond. The angular bracke
^ &en indicates an ensemble average over all possible c
figurations weighted by their Boltzmann probabilities. Figu
2 shows that forT/e.0.3 there is almost no change in the
correlations. Bothf 1 and f 2 have small positive values a
largeT/e which are due to excluded volume constraints on
but not the stiffness energy term. ForT/e,0.3 the chain is
significantly stiffened by the stiffness energy term. In
simulations presented in this paper 0.5,T/e,0.7 so that the
chains in solution behave like flexible self-avoiding walks

The parametere has another role in this model which
actually more important than controlling the stiffness of t
chains in solution, and it is for this reason that we include
in the simulation. The value ofe affects polymer crystalliza-
tion in the following two ways:~1! it lowers the free energy
of the crystals, and therefore we expect that the crystall
tion temperature of polymeric crystals increases withe; ~2! it
penalizes folding of polymer chains, and we expect a diff
ent folding kinetics at large values ofe. The second point is
particularly important for temperatures belowT2 since the
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resulting crystal is determined by the competition betwe
folding kinetics and chain stiffness.

III. CRYSTALLIZATION OF MONODISPERSE
FLEXIBLE POLYMER CHAINS

As discussed in the Introduction, for monodisperse
kane chains ‘‘integer folding’’ of polymer crystallization is
observed in various experiments. In this section, we simul
the folding kinetics of polymer crystallization for polyme
chains with chain stiffness parametere50.6 at temperatures
betweenT1 andT2 and at temperatures belowT2.

Simulations were done in a box of 40310332 with the
periodic boundary condition in bothx- and z-axes, and the
hard wall boundary condition iny-axis. Chains in the crysta
are aligned in thez direction and crystal growth is in they
direction. In the box, 10 polymer chains with 8 effectiv
monomers per chain were deposited randomly, and hence
concentration of polymer chains isf.0.006. The initial
nucleation will not be discussed in this paper, and we u
two different seeds to study the growth of crystals aft
nucleation. The seed can be a layer of extended chains~seed
thicknessl seed58 monomers! or once-folded chains (l seed54
monomers! in thex–z plane. During the simulation, polyme
chains are constantly adsorbed or released from the cry
surfaces~growing from the seed!. The size of the box in
y-direction increases according the propagation of t
growth front of the crystal so that the total volume of acce
sible space for polymer chains is roughly fixed. Addition
polymer chains were added into the box as soon as the n
ber of free polymer chains in solution is less than 10, so t
the concentration of polymer chains is approximately co
stant.

In Fig. 3, we show the growth rate, attachment and d
tachment rate as a function of time during the crystallizati

FIG. 2. Angular correlations between nearest neighboring bonds (f 1) and
next nearest neighboring bonds (f 2) as a function asT/e. For T/e.0.3,
both correlations are not affected by the stiffness parametere. ForT/e,0.3,
the persistence length of polymer chains is longer than the bond length
n
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of polymer chains with stiffness parametere50.6 at
T50.45. The attachment and detachment rates are define
the number of chains which have successfully attached to~or
detached from! the crystal surface divided by total time sinc
the beginning of the simulation. A monomer is counted
being part of the crystal if at least 3 of the sites which wou
be nearest neighbors in the crystal are occupied by mo
mers. A chain is counted as being attached to the cryst
more than half of its monomers are in the crystal. We co
the number of attached~detached! polymer chains every
23104 Monte-Carlo~MC! steps~where one MC step repre
sents an average of one attempted move per monom!,
therefore the measured values are slight underestimates
to the possibility of a chain attaching and detaching in
same time period. The growth rate is the difference betw
attachment and detachment rates. This is not affected by
possible cancellation of attaching and detaching of polym
chains. The initial growth rate is very small due to the dif
culty of nucleating an additional layer on a flat surface. T
attachment rate increases sharply after the nucleation o
additional layer due to the increased surface roughness
long times, the average growth rate is about 0.005 chains
104 MC steps. The growth rate is much slower than the ch
attachment and detachment rates, indicating that there
large amount of reorganization of chain configurations go
on at the crystal surface, and that each chain moves on
off the surface several times before finding its final positio
The chain attachment rate is itself very slow~only 0.07 per
104 MC steps!, which emphasizes the very large number

FIG. 3. Growth rate, attach rate, and detach rate of polymer chains
e50.6 during crystallization atT50.45. The attach rate increases sharp
after nucleating an additional layer atT;105 MC steps. The growth rate
overshoots right after the nucleation due to the concentration fluctuatio
polymer chains. The small attach rate indicates a complicated folding ki
ics of polymer chains near the crystal surface.
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individual monomer moves which are involved.
In the Appendix, we estimate thatT1.0.48 and

T2.0.41 for stiffness parametere50.6 and concentration of
polymer chainsf50.006. Figure 4 shows the surfaces~A!
and bond configurations~B! of an extended chain crystal,
forming at T50.45. The simulation was performed with a
seed of extended chains. No crystallization is seen if the se
has only half-length since a folded chain crystal is unstab
at this temperature. For the crystal shown in Fig. 4, the su
face roughness is about 1.860.05 ~lattice spacing!. Here we
define the surface roughness as the standard deviation of
surface position of each stem, i.e.,s5A( z̄22 z̄2), wherez̄ is
the average of surface position of each stemzi , j ( j -th stem
on thei -th layer!. A monomer is considered to be part of the
crystal if more than three of its nearest neighboring sites a
occupied by other monomers.zi , j is calculated by consider-
ing only those monomers in the crystal but not those in cilia
There are no folded chains in this crystal. We expect that th
surface roughness will become smaller at higher temper
tures since rough extended chain crystals are less stable t
solution. The layer thickness of the above extended cha
crystal is 7.65 monomers which is close to the full chai
length. In Fig. 5, we show the relative density~normalized to
1! of the extended chain crystal. The origin is chosen to b

FIG. 4. Monte-Carlo simulation of an extended chain crystal of chains o
length 8 effective monomers grown from an extended chain seed:~A! a
‘‘space filling’’ representation which shows surface clearly, and~B! an al-
ternative representation of the same configuration, which shows the bo
configurations. In the simulation,T50.45 ande50.6. Both surface rough-
ness and cilia of the crystal can be easily seen. The seed layer is at the
of this view ~not shown! and the growth direction (y axis! is toward the
viewer.
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the center of the seed. The density profile of the extend
chain crystal decreases slowly to zero at the boundaries
to surface roughness and cilia.

Figure 6 shows the surfaces~A! and bond configurations
~B! of a folded chain crystal, forming atT50.4. The simu-
lation was performed with a seed of fold chains and all fol
on the bottom surface. However, we also consider the cr
tallization with a seed of extended chains at the same te
perature, and the resulting crystal is shown in Fig. 7. Th
initial condition can be achieved by first quenching the sy
tem to a temperature betweenT1 andT2, and then quenching
it again to a temperature belowT2. For the resulting folded
chain crystal shown in Fig. 6, the surface roughness is ab
0.4760.07 ~lattice spacing!. The number of folds parallel to
the seed is 53 on the top surface and 48 on the bottom
face. The number of folds perpendicular to the seed is 11
the top surface and 13 on the bottom surface. Although
symmetry between top and bottom surfaces is deliberat
broken by the initial condition, the resulting crystal restor
this symmetry immediately after 5 layers. Here we define t
asymmetry of folding by a( l )5(nb i 2nti )/(nb i 1nt i ),
wherel is number of layers in the crystal, andnb i andnt i
are the number of folds parallel to the seed on the bott
surface and the top surface respectively. As shown in Fig
for the folded chain crystal growing from a seed of folde
chains, the asymmetry drops to zero very quickly due
kinetics. For the folded chain crystal growing from a seed
extended chains, the asymmetry of folding is essentially z
but there are fluctuations due to finite size effects. In th
example 19% of chains are folded forward, i.e., perpendic
lar to the seed, which is surprisingly high. These forwa
folds can occur if the neighboring stems of a half attach
chain on the same layer are occupied by other chains. Th
fore the number of folds perpendicular to the seed sho
increase with concentration. We suspect that the simulat
gives a much larger fraction of forward folded chains than

f

nd

ear

FIG. 5. Density profile of an extended chain crystal as a function of dista
away from the center of the seed. The seed layer extends from27 to 7.
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real crystals, but it would nevertheless be interesting to try
measure this experimentally.

The layer thickness and relative density of folded cha
crystals are shown in Figs. 9 and 10. In Fig. 9, the thickne
of each layer is roughly 4 monomers for the folded cha
crystal growing from a folded chain seed. For the folde
chain crystal growing from an extended chain seed, the
erage layer thickness decreases from 8 monomers to 4 mo
mers. In Fig. 10, for the crystal growing from a folded cha
seed, the density profile of the crystal has sharp boundarie
both top and bottom surfaces. The tails of the density pro
are due to cilia. For the crystal growing from an extend
chain seed, the boundaries are much less sharp. The de
profile of the crystal is due to a mismatch between the l
and right halves of the crystal by one monomer~2 lattice
spacings! as shown in Fig. 7. Moreover, the density profile
not centered at the origin since the major half of the crysta
located above the center of the seed.

IV. EFFECTS OF CHAIN STIFFNESS PARAMETER ON
CRYSTALLIZATION

In the previous example of folded chain crystallizatio
e50.6 andT50.4, so thatT/e50.67. This is in the region
where the chains appear to be behaving as flexible s
avoiding walks in solution~see Fig. 2!. Since it is possible

FIG. 6. Schematic representations of surfaces~A! and bond configurations
~B! of a folded chain crystal obtained from the Monte-Carlo simulation wi
a seed of folded chains atT50.4. The stiffness parameter of polymer chain
is e50.6. Both surface roughness and cilia of the crystal can be easily se
Folds occur on both top and bottom surfaces. Defects can also be s
where the fold direction is parallel to the crystal growth direction.
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for folded chain crystals to form at this value ofe it will also
be possible for folded chain crystals to form with lower va
ues of e and the same chain length, or for longer cha
lengths at the same value ofe. However we might expec
chains with largere to have difficulty in forming folded
chain crystals.

Figure 11 shows the results of a simulation using
folded chain seed withe50.8, and withT kept at 0.4 so that
T/e is reduced to 0.5. The single chain is still flexible a
cording to Fig. 2, and the angular correlation is hardly a
different from the previous case. However there is a subs
tial difference in the crystal properties~cf. Figs. 11 and 6!.
There are now many defects in the crystal including so
holes and some extended chains within the folded chain c
tal. The average thickness increases from 4 at the see
about 5 after 10 layers due to the presence of these exte
chains. This temperature still lies belowT2, so that we
should still expect folded chain crystals. If we begin with
extended chain seed~thickness 8! the mean crystal thicknes
decreases to about 6 after only a few layers.

Figure 12 shows the density of profiles in this cas
When l seed54 there is a similar pattern to Fig. 10 due
mismatch between two blocks of crystal at different heigh

n.
en
FIG. 7. Schematic representations of surfaces~A! and bond configurations
~B! of a folded chain crystal obtained from the Monte-Carlo simulation w
a seed of extended chains. Temperature and chain stiffness are as in F
The chains have begun to fold already in the first layer and after a few la
a folded chain crystal similar to Fig. 6 is seen.
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When l seed58 the profile is extremely broad. Both of these
profiles represent extremely irregular crystals in comparis
to those obtained withe50.6. This indicates that the crys-
tallization process in the simulation is extremely sensitive
the rates of the different types of Monte-Carlo moves whic
occur. Increasinge generally makes reorganization of chain
configurations on the surface more difficult, and leads
more irregular, less energetically favorable configuration
being frozen into the crystal.

FIG. 8. Folding asymmetry of folded chain crystals growing from a sym
metric seed and an asymmetric seed. In both cases, the folding asymm
becomes smaller as the crystals grow.

FIG. 9. Layer thickness of folded chain crystals growing from a seed
folded chains and a seed of extended chains. The thickness of both crys
is about 4 monomers.
n

o
h

o
s

V. CRYSTALLIZATION OF EXTREMELY LONG
POLYMER CHAINS IN DILUTE SOLUTION

In the crystallization of monodisperse polymer chain
the chain length is a characteristic length scale which det
mines the crystal thickness, i.e., a marked preference for
teger folding is observed. For infinitely long polymer chain
or polydisperse polymer chains, there is no characteris
length scale of the system and we expect a continuo
change of crystal thickness when the temperature varies
this section, we study the crystallization of long polyme
chains in dilute solution in which case the chain length
polymers is much greater than the crystal thickness. T
simulations were done by depositing a polymer chain on
seed and allowing it to crystallize due to attraction betwe
bonds. In a very dilute solution, there is only one chain a
tached on the surface of a crystal at a time. In the simulatio
a long polymer chain is treated in such way that it consists
a crystallized, folded chain part plus a dangling end of a fe
effective monomers. An additional monomer is added to~or
removed from! the dangling end whenever a monomer i
crystallized~or dissolved!, such that the number of mono-
mers in the dangling end is constant. Another chain can la
on the surface of the crystal only when the previous cha
has crystallized. This would correspond to a terrace grow
of the crystal. This simulation results in a crystal with on
long chain in each layer. These simplifications have be
introduced into the program in order to speed it up. Dealin
with simultaneous motion of many long chains would be to
slow to simulate with our currently available computers.

Figure 13 shows the resulting crystal from simulation a
T50.55 ande51.0, and the thickness of the seed isl seed56
monomers. The average thickness of this crystal is 5.6 mo
mers. The crystal surfaces are rough and there are m

-
try

f
tals

FIG. 10. Density profile of folded chain crystals as a function of distanc
away from the center of the seed. For the crystal with a seed of fold
chains, the density profile has sharp boundaries. For the crystal with a s
of extended chains, the density profile is due to a mismatch of two ha
folded chain crystals.
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4311J. Chem. Phys., Vol. 108, No. 10, 8 March 1998 C.-M. Chen and P. G. Higgs
loops on the surfaces. Large loops are possible if we u
long dangling end. Figure 14 shows the layer thickness
crystals growing from three different seeds of thickness 5
and 7 monomers respectively. As demonstrated in the Sa
Gilmer model,9–11 the average layer thickness is determin
by the competition between an energetic driving term and
entropic barrier term. Forl seed55 monomers, the layer thick
ness of the crystal increases as the crystal grows due to
energetic driving term. Forl seed>6 monomers, the laye
thickness of the crystals decreases as the crystals grow d
the entropic barrier term. The dependence of the aver
crystal thickness on temperature is shown in Fig. 15. T
average thickness increases with temperatureT and diverges
at T5T`.0.675. The theoretical minimum stable thickne
( l min) for the crystal is calculated in the Appendix. The d
ference between the average thickness andl min decreases a
T approachesT` . This is because the barrier term becom
more important at high temperatures, while the driving te
becomes more important at low temperatures. Therefore
T close toT` , the average thickness of the crystal is a
proximatelyl min .

Since the length of the dangling end is kept fixed and
relatively short, there is no possibility of forming large loo
at the fold surface which in principle could occur. We e

FIG. 11. Schematic representations of surfaces~A! and bond configuration
~B! of a folded chain crystal obtained from the Monte-Carlo simulation w
a seed of folded chains atT50.4. The stiffness parameter of polymer chai
is e50.8. Both extended chains and folded chains present in this cry
The crystal also contains a few holes.
a
f
,

er/

n

he

to
ge
e

s

or
-

s

perimented with varying the length of the dangling end and
found that increasing the length led to very much slowe
simulations but did not change the chain configurations at th
fold surface, i.e., large loops almost never occurred in th
simulations. It was also found that occasionally very shor
stems became incorporated into one crystal layer. These b
have as defects which strongly slow down the rate of growth

l.

FIG. 12. Density profile of folded chain crystals as a function of distance
away from the center of the seed. Simulations were performed atT50.4 and
e50.8. For the crystal with a seed of folded chains, the density profile is du
to a mismatch of two half-folded chain crystals bridged by extended chains
For the crystal with a seed of extended chains, the density profile shows
broad peak. Both density profiles are much broader and the boundaries a
much less sharp than those in Fig. 10.

FIG. 13. Schematic representation of bond configurations of a crystal ob
tained from the Monte-Carlo simulation of crystallization of long polymer
chains~one chain per layer!. The stiffness parameter of polymer chains is
e51. The crystal has a rough surface with many loops.
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of the next layer past this point. In a real crystal we wou
expect some degree of chain sliding and evening out
monomers between adjacent stems. The probability for s
ing a stem within the crystal in this simulation is extreme
small, so that short stem defects can never heal themse
In order to prevent the simulation getting stuck at such
fects for extremely long times we introduced the followin

FIG. 14. Layer thickness of crystals crystallized from long chains with
seed of thicknessl seed5 5, 6, and 7 monomers. Simulations were done
T50.55 ande51. The average thickness is 5.64 monomers. If the ini
seed thickness is slightly below or above this value, the thickness grad
adjusts to the preferred value.

FIG. 15. The average thickness of crystals crystallized from extremely
chains as a function of temperatureT. The data are results from Monte
Carlo simulation of crystallization of extremely long chains. The dashed
is a theoretic curve of the minimum growth thickness of the crystal.
f
d-

es.
-

rule for removal of defects. If the growth surface of the cry
tal contained stems which were much smaller thanl min , and
which remained so for a long time, we increased their len
to the average stem length of the layer. We note that
growth rate of the crystal will be greatly affected by th
simplification, and therefore a more realistic mechanism
thickening those short stems would be required if we wish
to measure the growth rate. However we checked that
procedure did not have much effect on the crystal thickne
For this reason only results on crystal thickness and not
growth rate are given here for long chains.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we have used the three-dimensional b
fluctuation model to study the crystallization of monod
perse polymers and extremely long polymers in dilute so
tion. We believe that these are the first simulations of cr
tallization which take into account realistic motions of cha
segments and which deal with the simultaneous motions
many chains. Previous simulations such as those of Sa
and Gilmer9 and our own previous work17 only considered
lattice sites in the crystal as occupied or empty. They did
properly account for the kinetics of the chains as they ads
to the crystal. Alternative approaches using molecu
dynamics23 deal with atomic scale motions realistically b
cannot cope with large scale phenomena involving ma
chains. The level of resolution given by the bond fluctuati
model is therefore very useful for this problem. Each bo
vector of the model represents a length of the real ch
approximately equal to its persistence length. Such a coa
grained model can greatly improve the speed of simulati
without losing important information.

The dominant driving force of the crystallization com
from the short range attraction between polymer segme
We model this attractive force by an interaction betwe
parallel bonds, rather than between neighboring effec
monomers. This type of interaction is important for polym
crystallization since the bond–bond interaction breaks
isotropic symmetry and leads to the formation of a lame
crystal. On the other hand, the monomer–monomer inte
tion does not break the isotropic symmetry and henc
three-dimensional crystal is preferred. We experimented w
a range of models including only monomer–monomer int
action and combinations of monomer–monomer and bon
bond interactions. All these tended to lead to irregular th
dimensional aggregates with no preferred chain orientat
For simulations with interactions including both monome
monomer and bond–bond attraction, we always see th
dimensional crystals consisting of domains of tw
dimensional crystals in three directions as the crystals gr
Bond–bond interaction alone was therefore used for the
sults presented here. It has been shown that lamellar cry
are observed in various experiments, which shows the imp
tance of chain connectivity. Our model has properly cons
ered both the entropic barrier and chain connectivity dur
polymer crystallization.

Our model also confirms the previous idea of the se
poisoning effect on the crystallization of monodisperse po
mers. Both extended chain crystals and once-folded ch
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crystals are seen in our simulations. The temperature ra
for both crystals to grow are estimated in the Appendix, a
are found to be consistent with the simulation results. F
thermore, our simulations show that the folding kinetics
polymer chains during crystallization is also related to
stiffness parameter~or kink energy! of polymers, in addition
to the global flexibility of polymer chains. In our simula
tions, we have shown that polymer chains with small st
ness parameter can lead to a once-folded chain crystal w
sharp boundary and few defects at temperature belowT2.
However, polymer chains with a large stiffness parame
form irregular crystals with both folded and extended chai
Since the extended chains in the crystal can bridge
folded chain crystals, mismatch can happen easily for s
crystals.

Long polymer chains can fold many times in the cryst
The crystal thickness diverges asT→T` . At low tempera-
tures, the energetic driving term is more important than
entropic barrier term, and the average crystal thicknes
larger than the minimum crystal thicknessl min . At high tem-
peratures, the entropic barrier term becomes dominantly
portant and the average thickness is close tol min .

In conclusion, we have demonstrated the importance
folding kinetics on polymer crystallization by three
dimensional Monte-Carlo simulations using the bond flu
tuation model. Both entropic barrier and chain connectiv
play an important role during crystallization. We have a
shown that large stiffness of polymer chains increases
amount of defects in folded chain crystals. The characteri
properties of monodisperse chains have been shown to
to an ‘‘integer folding’’ of polymer crystallization, which is
absent for extremely long chains or polydisperse chains.
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APPENDIX: CALCULATION OF CRYSTALLIZATION
TEMPERATURES

The crystallization temperaturesT1 and T2 can be esti-
mated as follows. The free energy per chain in a solution
be approximated by

Fsol52T ln GN1T ln f, ~A1!

whereGN is the number of configurations of a self-avoidin
walk of N steps (N5nm21, wherenm is the number of
monomers per chain!, andf is the concentration of chains
From the theory of self-avoiding walks,24 we expect that

GN.cNg21z̃ N, ~A2!

whereg.7/6 in three dimensions, andz̃ should be some-
what less than 108 due to excluded volume constraints.
obtainedGN by exact enumeration forN<6, and found that
Eq. ~A2! fits the data almost perfectly whenc51.26 and
z̃585.2, as shown in Fig. 16. The second term in Eq.~A1! is
the translational entropy of the chains in the ideal gas
proximation, which is reasonable for a dilute solution. W
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have neglected energetic terms in the free energy of poly
chains in solution since these terms have negligible ef
over the range of temperatures of interest here~as was shown
in Fig. 2!.

The free energy of a perfect crystal is entirely energe
For a perfect extended chain crystal with chains ofnm mono-
mers, the free energy per chain is

Fext522nm122e~nm22!. ~A3!

For a perfect once-folded chain crystal with evennm , the
free energy per chain is

F fold522nm1hf2e~nm24!, ~A4!

wherehf53 if all polymer chains fold on the same surfac
or hf54 if attraction between folded bonds is neglected. F
resulting folded chain crystals from the simulations, t
number of folds of the chains on top and bottom surface
almost the same, and we expect 3<hf<4.

To calculateT1 andT2, we compare the free energy o
polymer chains in solution (Fsol) and in crystals (Fext or
F fold). The crystallization temperatureT1 for an extended
chain crystal can then be expressed by

T1.
2nm221~nm22!e

ln c1 1
6 ln~nm21!1~nm21!ln z̃2 ln f

. ~A5!

Similarly, the temperature for a once-folded chain crysta

T2.
2nm2hf1~nm24!e

ln c1 1
6 ln~nm21!1~nm21!ln z̃2 ln f

. ~A6!

For nm58, e50.6, f.0.006, and hf53.5, we have
T1.0.48 andT2.0.41.

For long polymer chains, the relationship between mi
mum crystal thicknessl min andT can be expressed as

FIG. 16. The entropy of polymer bond configurations (i.e., lnGN) as a func-
tion of number of bonds. The data points from exact numerical calcula
fit almost perfectly with the approximation in Eq.~A2!.
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T.
2l min1~ l min21!e

ln c1 1
6 ln l min1 l minln z̃

~A7!

by comparing the free energy of polymer chains in solut
and in crystal. Here, the concentration of polymer cha
does not enter Eq.~A7! since polymer chains are fixed on th
crystal surface when they are placed.
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