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Basics
e System energy E(H) (E->F=E-TSIifT #20)
1 0E

* magnetization density M(H) =-C—

e susceptibility oM 1 0°E

Atomic susceptibility
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 Perturbation energy (to 2nd order)
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* Filled atomic shell

(applies to noble gas, NaCl-like ions...etc)

Ground state |0) :
(| >=§\o>=

AE

0 r2 0) (for spherical charge dist)
8mc

For a collection of N ions,

_ N&AE & N ,
Y= R om0 <0

Larmor (or Langevin) diamagnetism



An atom with many electrons

» Without SO coupling
H=Y Py ISy,

« Maximally mutually commuting set
H,L?S%L S,

] 7!

 Eigenstates (including ground states)

|, L, S, m_,my)

* With SO coupling (weak)

Sy Py |t
H _Z(Zm +vij+2;vij+2/1,si L

« Maximally mutually commuting set
H,L%,S%,J%J,

 Eigenstates (including ground states)
‘a,L,S,J,mJ>

* single electron ground states

Degeneracy D=d

* N-electron ground states

» Without e-e interaction

Degeneracy D=Cd °

X

» With e-e interaction

— many-electron
levels

Ground states
w/o SO: labeled by L,S D=(2L+1)(2S+1)
w/ SO: labeled by L,S,J D=(2J+1)



Ground state of an atom with unfilled shell (no H field yet!):

> - Atomic quantum numbers n,l,m,m,

'§ « Energy of an electron depends on N, (nom;,m,)

g » Degeneracy of electron level &,,: 2(2I+1)

‘& «Ifan atom has N (non-interacting) valence electrons, then the

(@) 14 1] H H g H
c degeneracy of the “atomic” ground state (with unfilled ¢én, shell) is

2(21+1)
CN

e-e interaction will lift this degeneracy partially, and then

(2L+1)(2S+1)-fold degenerate

interacting

What's the values of S, L, and J for the
atomic ground state?

Use the Hund’s rules (1925),

1. Choose the max value of S that is consistent
with the exclusion principle

2. Choose the max value of L that is consistent
with the exclusion principle and the 1st rule

 the atom energy is labeled by the conserved quantities L and S, each is

« SO coupling would split these states further, which are labeled by J (later).

To reduce Coulomb repulsion,
electron spins like to be parallel,
electron orbital motion likes to be in
high m, state. Both help disperse the

charge distribution.



Example: 2 e’s in the p-shell (I, =1, =1, s, =s, =1/2)
(a) (1,1/2) (b) (0,1/2) (c) (-1,1/2)
(@) (1,-1/2) (b’) (0,-1/2) (c) (-1,-1/2)

C6, ways to put these 2 electrons in 6 slots

» Spectroscopic notation:

ZS”XJ (X=S,P,D..) Energy levels of Carbon atom
1 3 1 .3 1 3 Configuration Term J LE?el{cm_l}
Sor” Pyipr D, areo.k.; °Sy," B,” D, are not.
(It's complicated. See Eisberg and Resnick 2s?ap? I . 0 00000
App. K for more details) 1 16. 41671
43. 41350
ax S=1
TT L=1 2s%2p? g 2 10192.66
m=1 0 -1 - . .
25%2p g 0 21648.02

- Ground state is ° Py, |
(2L+1)x(2S+1)=9-fold degenerate

physics.nist.gov/PhysRefData/Handbook/Tables/carbontable5.htm

* There is also the 3rd Hund'’s rule related to SO coupling (details below)



Review of SO coupling

* An electron moving in a static

E field feels an effective B field et = E X

(vuli
o<

 This B field couples with the electron spin

—»

(i j (Ex—j, Ez—fd—¢ for central force, ¢:+E

mc dr r
—( q dd¢ )5‘? L (x 1/2 for Thomas precession, 1927)
m*c’ rdr
A > 0 for less than half-filled (electron-like)
=S-L 2 < 0 for more than half-filled (hole-like)
A
= (J —LF- SZ) Quantum states are now labeled by L, S, J

(2L+1)x(2S+1) degeneracy is further lifted to become
(2J+1)-fold degeneracy

Hund’s 3rd rule;

« if less than half-filled, then J=|L-S| has the lowest energy °P, is the ground state in

* if more than half-filled, then J=L+S has the lowest energy

previous example



‘d-shell (I = 2) ‘

nil, =2 , 0 -1, -2 | §|L=|z J SYMBOL
1 ! 172 2 |32). 2Dy 2
2! Voo 1 R SR I Fi
3 ! I | . 32 3 372 (7 = |L - 5] “Fy
#5. R N N A 2 2.0 ] *D,
2 T T A TR VRN S 771 IR R K 7 5842
6 &t "t ot ot 2] 2 4] | °Dq
. 7 # n; T T T o1 1"3,2‘; 3 . 9[2 . - R 4F9/2
9 O N R kT 2 52) - Dy
10 $ 8w r w0 0 0 *So
f-shell (I = 3)

=3 2 1 0-1,-2-3 S |L=[EL|| J

3 I T Y 3n 6 92 Uy 10 “Ios
) R T SRR 2| 6 |a (T=E-SI7
15 BN I b : 15/2 5 5/2.  ; P
6] 1 4 41 o1y 3 3 o | Fy
7 R A T 7m0 |2 *S112
18 gt t t-1 ¢t 31 .3 6 ) K
9 I A N 2 52y 5 15/2 . *H 52
0 & &k ot ot oot 2] 6 |8 - | s
i $ & 8 &8ttt 1372 6 15/2 (= L +8 *Lisi
m2y s or xR o8t 1 -5 |6 - | He
13 gonowoaoron ot 2 3 4772 ] *Faa
14 Bodonos 8o 0 0 |o 'So

*1 =-==‘spin};l= spin 4.




Paramagnetism of an atom with unfilled shell

1) Ground state is nondegenerate (J=0)

AE = p1q %| H+ o|ZA|>+Z

(A+M, Prob 31.4)

2) Ground state is degenerate (J#0)

Then the 15t order term almost always >> the 2nd order

rﬁ:—yB(E+2§):—yB<3+§)

» Heuristic argument: J is fixed, L and S rotate around J,

maintaining the triangle. So the magnetic moment is
given by the component of L+2S parallel to J,

J-S- J

S 2 12, @2
Sy = 32 2J2<J —L —I—S)
J
=—|J(J+1)-L(L+1)+S(S+1
Mgy :_gJ:qu
Lande g-factor g, =1+ J(J+1)-L(L+1)+S(S+1)

(1921) 2J(J+1)

[(0l 25 (C+ gS)- Hi [n)
0 En
Van Vleck PM
terms.

~—

« AE(M;) =09,1m;H, so =07

No! these 2J+1 levels are closely
packed (< kT), so F(H) is
nonlinear (next page).



Langevin paramagnetism

J

B “E(m,)/ksT B _ (ALY o e s s e R e e B
Z _m;e , AE(m))=g,u;MH(~1K atH =1T) - T PRARSR
F=E-TS=—k,TInZ 6.00 -

NoF N g, 1 JH N F) T
———— = g,uJB, | 2B g 500 ——g
VoH v e J( keT j § :
“éo .
where B, (x) = 2) +1coth(2‘] +1xj—icoth (Lj £
2 2] 2] 2] 2 -
Brillouin F cr)

o kT << g,uzJH  (Xx>>1) function : 3.00 o

N g ) i
M=—g,uJ, y=0 -
V ngLlB Z J +1 = 200{){ f! o 130K -
o kT >>0,15dH (x<<1)  B;(X)~——xX 4 & 200K ]
N 33 +1) 3 Lo o 42K 4
M :_(gJﬂB )2 H f =~ Brillouin functions :
Vv 3k, T i
‘OOO!II110|I|I20I’IJ3IOIIII40
Z(T) B/Tin](Gdeg'1

o« atroom T, y (para)~500 y (dia) calculated earlier

e Curie’s law y =C/T (note: not good for J=0)

N (. effective Bohr
( B ) . Where P =0, J(J +1) magneton number

2

vV 3k




f-shell (Lanthanides)

In general (but not always), energy from low to high:

ﬁfﬁ 1s 2s 2p 3s 3p 4s 3d 4p 5s 4d 5p 6s 4f 5d ...
ELEMENT | | ‘
(TRIPLY  BASIC ELECTRON 'GROUND-STATE ,
IONIZED) CONFIGURATION TERM CALCULATED!p  MEASURED¢ p
La 41° 15 0.00 diamagnetic
Ce 4f1 2F5f2 2.54 24
Pr 412 ‘H, 3.58 - 35
Nd - 43 4y, 3’62
Pm 4 f4 3 14. :
S T
- Eu . 4fS. F, 0.00 Jao
Gd 4f7 *Sa12 794 7000 ;ﬁgslymg 80,
Tb 4f° 7Fg 9.72 (see A+M, p.657) 9.5
Dy 4% SH,s)2 10.63 10.6
Ho 4110 31, 10.60 10.4
Er 41 “Iis2 9.59 9.5
Tm 4112 3H, 7.57 13
Yb 4113 2F 2 4.54 45
Lu 15 0.00 diamagnetic

« Before ionization, La: 5p® 6s25d?; Ce: 5pb 6s2 42 ...

4f14



GROUP|GROUP GROUP |GROUP |GROUP |GROUP |GROUP |GROUP
1 11 Transition elements il v vV vl Vil Y11
1 H 2 He
1.01 4.00
15 152
3 Li|4 Be 5 Blo C\|7 N|§ 09 F|10 Ne
6.94 9.01 10.81 12.01 14.01 16.00 19.00 | 20.18
2g! 2¢? 2p! 2p? 23 2pd Zps 21
11 Na |12 Mg 13 Alj14 Si|l5 P16 S(17 CI|18 Ar
2299 24.31 260.98 28.09 30.97 32.07 35.45 39.95
31 a2 3p! ap? 3R 3p? 3p® 3h
19 K |20 Ca|2]1 Se(22 Til23 V|24 Cr (25 Mn |26 Fe|27 Co|28 Ni|29 Cu|30 Zn |31 Ga|32 Ge|33 As|34 8e|35 Br|36 Kr
3910 | 4008 | 4496 | 4788 | 5094 | 5200 | 5494 | 5585 | 5893 | 5860 | 6355 | 6539 | 6972 | 7261 | 7492 | 7896 | 7990 | 83.80
45! | 4s Gidlas? [ 3d7a¢? | 345 | ZdB4s! [ 3dR4e? | 3d04s? | ZfT4ef 3P4 | 310480 Gii'Pae? | 4p) 4y 4p° 4pd 4p° 4
37 Rb |38 Sr|39 Y |40 Zr 41 Nb |42 Mo |43 Tc |44 Ru (45 Rh |46 Pd|47 Ag|48 Cd (49 In|50 Sa|51 Sb|52 Te|53 1|54 Xe
5.47 87.62 B8.96 91.22 92,91 93,94 (98) 0107 | 10291 | 10642 | 10787 | 11241 | 114.82 | 11871 | 121.76 | 127.60 | 12690 | 131.29
Gs! Gl Acd1Gs? | A2t 4eftas! Af5EsT 4562 A5 AT 40555 | 41061 | 4410652 | 5! G fprd B Gy fpf
55 Cs |56 Ba|57 La| |72 HF|73 Ta|74 W |75 Re(76 Os|77 Ir|78 Pt|79 Au|%0 Hg|(81 TI|82 Pb|83 Bi|84 Po|B5 At|{86 Rn
13291 L3733 | 13891 || 17849 | 18095 | 183.85 | 18621 1902 19222 [ 19508 | 19697 | 20059 | 204.36 2072 | 20898 (209) {2103 (222)
s | 657 541632 bilfBs® | oiH6s? | GafGef | babBsd | Bal9Bs | Gd'Es® | BaBs’ | bdTUes!  od'0EsZ ) G G [ Gpd G2 [
87 Fr |88 Ra |89 Ac| 104 REf|105 Db|106 Sg(107 Bh{108 Hs|109 Mt|110 111 112
(223) 226.03 | 227.03 -|- (261} {2062) (263) (264) {203) (268) {204) (272} (277 .
75 7s2 fd1 752 G275 | BE7s2 | GdR7sR | G572 | GaS7sR | Gdi7sR iﬂ:g} 26 Fet+—Symbol
e e 3885 Atomic mass
P T e Quter electron 346457
S SR configuration -
/ B T - —_—
4 T —
s m——
/ T - —
< T - -
58 Ce!59 Pr|60 Nd|6l Pm |62 Sm |63 Eun|64 Gd |65 Tb |66 Dy |67 Ho|068 Er |69 Tm |70 Yb|71 Lu|
o | 140,12 | 14091 | [44.24 | (145) 150.36 | 15196 | 157.25 | 158,93 | 162.530 | 164.93 | 167.26 | 168.93 [ I73.04 | 17497 | (| anthanides)
5llaf16s2 | 43652 | 4f96s7 | 4f56s? | 4fPBs? | 4f76s?  |Bdl4f76s2 | BdiAfBEs 410652 | 4711652 | af12Gs2 | 4f136e7 | a4f 19652 |Sd'4f196s7 |
90 Thi91 Pa|92 U|93 Np|[94 Pu |95 Am |96 Cm |97 Bk|98 Cf|99 Es|[100 Fm|10] Md|102 No|103 Lr|
b 232.04 | 231.04 | 238.03 | 237.05 | (244) | (243) | (247) | 247) | (251) | (252) | 25Ty | (258) | (259} | (260) | {Actinides)
Bii27s2  |5f26d 1752 |BF 3641752 |5f 4641752 I6F 580752 |6F 760752 |5 T 752 [5F B 1752 | 511060752 |65 60752 5 2660072 |5 138075 B 1D 752 5f 16 1752




3d-shell (transition metal ions)

ELEMENT BASIC GROUND-
(AND ELECTRON STATE ‘' . CALCULATED?p

IONIZATION) CONFIGURATION TERM - (J =5) (J =|L + S|) MEASURED<p
Ti3+ 3d 45* 2D, 5 1.55 —
'And 34! 2Dy 1.55 1.8
V3+ 3d2 3F, 1.63 2.8
y2+ 33 “F2 0.77 3.8
Cr*+ 3d° “Fa 077 37
Mn‘” . ) 3d3 7 - 4F3{2 : 077 4.0
Cr2* I 5De 0 4.8
Mn3+ | 344 Do 0 50
Mn2* 34 S5/ 592 59
Fe3*t 3d® S5z 592 59
Fe2* 346 D, 6.70 - 5.4
Co?* 3 “Fop 6.54 48
Ni2+ 34° 3F, 559 32
Cu?* 3 2D, 3.55 19 -

 Curie’s law is still good, but p is mostly wrong

* Much better improvement if we let J=S



Crystal field splitting In a crystal, crystal field may be more
: important than the LS coupling

fy ¥

¥ F"F.v.r F'E.r; fj: ¥

* Different symmetries would have
different splitting patterns.



e BIEY
Quench of orbital angular momentum

* Due to crystal field, energy levels are now labeled by L (not J)

 Orbital degeneracy not lifted by crystal field may be lifted by | Spontaneous

1) LS coupling, or 2) Jahn-Teller effect, or both. e
distortion

 The stationary state ¢ of a non-degenerate level can be chosen
asreal  whent— —t,

w — v (= if nondegenerate)

<V/\E\W>=<w\f><?V\z//> is purely imaginary
but (i |L|w) has to be real also
“{w|Lly)=0

((w|?|w) can still be non-zero)

« for 3d ions, crystal field > SO interaction

» for 4f ions, SO interaction > crystal field (because 4f is hidden inside
5p and 6s shells)

» for 4d and 5d ions that have stronger SO interaction, the 2 energies
maybe comparable and it's more complicated.



e Langevin diamagnetism
* paramagnetism
e Hund’s rules
» Lande g-factor
* Brillouin function
e crystal field splitting
» quench of orbital angular momentum

* nuclear demagnetization

» Pauli paramagnetism and
Landau diamagnetism



Adiabatic demagnetization (proposed by Debye, 1926)

« The first method to reach below 1K * Without residual field
7 — Z e EMIKT  assume E(m,) o H b o §

m;=-J

F=-kTInZ Hj

KT
L i}
oT  C\kT

H
o If S=constant, then kT~H T, =T, ?f

.". We can reduce Hto reduce T

7 5
1
I
Freezing is . " 0.7 ! ] R l | a
effective o Lattice = o6 <« With residual field
only if spin g ) £ osf  (due to spin-spin int
specific heat § Z 04l
is dominant  § 2 sl
(usually = g
need T<<T) | Spin E 0.2
I Time — %. 0.1p-
]
~ Before 1‘ New equilibrium 0
Time at which T, in mK
magnetic field Can reach 10 K (dilution refrig only 103 K)

is removed
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Interior of the hottest star
Nuclear fusion

Solar interior
Atomic explosion (~300,000 K)

Luminous nebulae

Tungsten melts (3683 K)

Superconductors reacted {~1000K)

Ice point (273 K= 0°C)

LNz boils (7TK) HTS operation feasible

LHe boils (4.2K) LTS operation

Upper limit (~0.5K) by dilution refrigerators and
by the “adiabatic demagnetization” technique

Lower limit by dilution refrigerators

Adiabatic demagnetization, 1956 (16 uK)

Bose-Einstein condensation, 1995 (150nK)

Lower limit by adiabatic demagnetization?



Pauli paramagnetism for free electron gas (1925)
* Orbital response to H neglected, consider only spin response

» One of the earliest application of the exclusion principle

E
antiparallel 4 parallel
to Bo to Bo

N =N, +N,

M :i(NT_NQﬂB o

V
For T << T,
n.—n, =g(e H, g=0,+ <
+— Ny g(ee ) utg 9=0,+0, 1DIE)

.M =g(&)psH

2
(04 1 _ -
= Xpauli — g(gF),Ué :(Z) (kFaO) ~10°° g(e) = 2;3 Jdme a - f 2

7 me
eh r
He T ome -

* unlike the PM of magnetic ions, here the magnitude ~ DM'’s
(supressed by Pauli exclusion principle)



Landau diamagnetism for free electron gas (1930)

Landau began his paper with the remark, “It has until now been more or less
quietly assumed that the magnetic properties of electrons, other than spin, originate
exclusively from the binding of electrons in atoms.”

» The orbital response neglected earlier gives slight DM
» The calculation is not trivial. For free electron gas,

e’k
127°mc?
1

= — = Xpauli

3

Z Landau ~—

« So far we have learned PM and DM for a free electron gas.
How do we separate these contributions in experiment?

X-ray magnetic circular dichroism (XMCD)

Hoddeson, Our of the crystal maze, p.126



