Chap 2 Wave diffraction and the reciprocal lattice

» Braggs’ theory of diffraction (1913)

Later than
Laue’s theory,
but simpler.

* Reciprocal lattice

 Laue’s theory of diffraction (June 1912)

* Bragg theory = Laue theory

The analysis of diffraction here applies to the diffraction
of EM wave, electron, neutron ... etc
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Laue thought that X-ray might scatter off crystals in the way that
ordinary light scatters off a diffraction grating.

He discussed

his idea with colleagues Sommerfeld, Wien and others with the result of
encountering a strong disbelief in a significant outcome of any diffraction
experiment based upon the regularity of the internal structure of crystals.
It was argued that the inevitable temperature motion of the atoms would
impair the regularity of the grating to such an extent that no pronounced
diffraction maxima could be expected. —Ewald (1962), p. 42

* For example, For NaCl, the thermal fluctuation is expected to be
2 - 10 cm ~ the wavelength of X-ray 10 cm (Marder, p.43)

* Now we know that thermal fluctuation would only broaden the
diffraction peaks, but not distroy them.
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Braggs’ view of the diffraction (1913, father and son)

Treat the lattice as a stack of lattice planes

(hkl) &
(hkl) &

(hkl)k

» Specular reflection from crystal planes when
2dsinf = ni
(typically 103 ~ 10° planes)
» Difference from the usual reflection:

A > 2d, no reflection
A < 2d, reflection only at certain angles

* Measure A, 6 — get distance between crystal planes d

The Bragg derivation is
simple but convincing
only because it
produces the correct
result -- Kittel
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Single-crystal
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* Braggs’ theory of diffraction
* Reciprocal lattice (for Bravais lattice)
 Laue’s theory of diffraction

* Bragg theory = Laue theory
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theory
Important

Reciprocal lattice ({#]5#%) in k-space

Bravais Lattice Reciprocal lattice
primitive vectors a,,a,,a; primitive vectors b,,b,,b

Def. 1 ~ — ~ ~ . :
: : . b, c a, x a, because of orthogonality,

then use b, -@, =27
to determine the constant.

Def. 2 R _ d, X d, J

« Every Bravais lattice has a reciprocal lattice

 The reciprocal lattice of a reciprocal lattice is the original lattice

27)’ 27)’ . o .
ee——— < volumn of a unit cell in reciprocal lattice
a-(a,xa;) V.

* b (byxby)=
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Example of reciprocal lattice

1-dim
a
b=2r ‘
a? b e
Reciprocal lattice
Reciprocal lattice
2-dim 1 ® .. ® ® o0 00000 00
® o ® by
° I o o (m o o000 00
b, — 9 as Xn b2
1 My - (a2 x n) oIooooooo
nxa
b2 =27 L

az—(nxa1)

» Reciprocal lattice has unit [1/L], the same as wave vector k's

* When one lattice shrinks, the other expand (but you can’t compare
their size since they have different units)

* When we rotate a crystal, both lattices rotate with the same angle
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3-dim
Simple cubic lattice
Z
{
y
X
a, = ax,
a, =ay,
a, =az.

a,-(a,xay) =a’

21/a /

4
y Y
X
—~ a, xda 27 .
b =2r———="273,
a-(a,xa,) a
— a.xa 27 .
b2=2 ~ 3_’ 1_’ — y,
a,-(a,xa;) a
— a xa 27 .
b, =2r——% Z.
a-(a,xay) a
3
~ 2z
b, -(b,xb,) = —j
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FCC lattice
Z
p
a |
X
- a .~ =
a, = E(X + y) R
- a .~
a, = 5 (y + Z) R

BCC lattice
Z
411/a ~
\ y
A
51:272_ 52Xa3 :472'1()%_’_),}_ ),
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Two simple properties:

ol

=na, +n,a, +nya, (n,n,,n, €Z) edirect lattice
G

= G-R=2x(nk, +nk, +nk,)=2zxint eger.

kll;1 + kzgz + k31;3 (k. k,,k, €Z) ereciprocal lattice

——

" exp(ié~R) is always equal to 1)

2. Conversely, assume G - R=2nxinteger for all R,

then G must be a reciprocal lattice vector.

For K
examplg, if G-a, =2rh,
G-a, =2rk,
G-a,=2xl, (hkleZ)
then G=hb +kb, +Ib,(=G,,).
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Application of reciprocal lattice:

If f(r) has lattice translation symmetry, that is, f(r)=f(r+R) for any ‘
lattice vector R, then it can be expanded as,

) e.g., charge
f(F)=>.€°" f., where G is the reciprocal lattice vector. ~density
G

Py Fourier f(;'f’):zei’;'Ff(l;), (_]—(»:2_7r(nx,ny’n2), n,n,n, ez
expansion k L

= fFE+R) =Y MR (k) = f(F)

—

k

Orthogonality: ) N N
D ae™ =0 — Zem (elk.R _l)f(k) =0
p k

—>a, =0 for Vi mm ¢*® =1 for V R - lgzhl;l+kl;2+lbq3

G, Vhhkl

The expansion above is very general, it applies to
« every Bravais lattice (bcc, fcc, tetragonal, orthorombic...)
 every dimension (1, 2, and 3)

All you need to do is to find out the reciprocal lattice vectors G.
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For example, charge density in a 7-dim crystal

p(x)
¢
|
¢ 2
p) =2 pk), k=n"".neZ
k
p(x+a)=> e"e" p(k) = p(x) D ae =0
k k
Therefore, e =1 —>a, =0 for Vk
- k= 112—7r =ng
a
px)= ) " p(ng)
Pre =
‘ ‘ — reciprocal lattice
| | | > k points: ng
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theory
Summary
Direct lattice Reciprocal lattice
cubic (a) cubic (2m/a)
fcc (a) bcc (47/a)
bce (a) fcc (4m/a)
hexagonal (a,c) hexagonal (411/~/3a,21r/C)
and rotated by 30 degrees

(See Prob.3)

The reciprocal lattice is useful in
 Fourier decomposition of a lattice-periodic function

 von Laue’s diffraction condition k' = k + G (below)
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Reciprocal lattice atom scattering

A crystal =
a collection
, _ _ of planes
* Braggs’ theory of diffraction
* Reciprocal lattice
, : : A crystal =
 Laue’s theory of diffraction a collection

- Bragg theory = Laue theory ~ Of atoms

Bottom-up approach:

The analysis below concerns the scattering off
1. 1 atom, 2 atoms

2. N atoms (Bravais lattice in 1D)

3. Bravais lattice in 3D

4. Bravais lattice with basis in 3D

Note: Kittel uses a top-down approach,
starting from the scattering of a whole crystal.
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Scattering from an array of atoms (Laue, 1912)

1. First, a wave scattering off an atom at the origin:

|

NY

ikr
_ e
scattered wave y(r) ~ f (0)— atlarge r (spherical wave)
t r
« Atomic form factor: Fourier transform of atom charge distribution n(p)
JRT45EAN T

£.(0) = [dve ™ n(p), Ak =k-k ‘
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theory

Atomic form factor:

"Point'’ atom

10 electrons

tighter

0‘.6 0.8 1.0

sin 8

i | \
0 0.2 0.4

£.(0)=[dVe " n(p)

(See Prob.9)
54
. Point Atom
Vi
18-
1 1 T T T T T I T--l_._] 1
0 05 1-0 15 .
sin @
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atom scattering

* Scattering off an atom not at the origin

ik|F—R)|
— e ik-R
scattered wave y (7) c f, ——=e"*
|7 =R
|F—R|~r—7-R
1 1
—— z—+0(r_2)
|¥—R| r
kP =k
eikr L
Ly(F)e f, Te—lA"'R

» Scattering off two atoms (r>> R, R,)

ikr

l//(?) oC f e_(e—iA/;-f?l _I_e—iAlg-Iﬁez) -
a

r

A relative phase
w.r.t. an atom at
the origin
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' 2. Scattering off N-atoms: 1D lattice

W ~ e—iAk-O _I_e—iAk-a +e—iAk-2a +e—iAk-3a _|_e—iAk-4a

Five Slit Interference

This will be modified by g
the single slit diffraction —
SRR envelope. E
E aAk
A
[ ——
g } 21
N—1 Note: Scale 2x that when diffraction included. <
AR 2
W ~ e iAk-na |\|I|
n=0
= — > -
. - Ak-G,27ch ee Froo.
1 —exp(—iAk -a) h “r

For large N, y is nonzero only when

Ak-G=2rzh (hisaninteger) & Constructive interference

[uny-oweyy/eseqy/mpa ns3-nse-Ayd-sorsAydiodAy//:dyy
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theory

3. N-atom scattering: 3D Bravais lattice

For a Bravais lattice,

- —iAk-R = - - -
w(r) ocfaZe T, R=na, +n,a, +n,a,.
R
The lattice-sum can be separated,

I n ny 3
# (0 only when
Ak -G, =27h,
. - = Laue’s diffraction
Ak -a, =2rk,| == Ak = thl condition
Ak -a, =2rl. Ak forms a
B reciprocal lattice
iAk-R =
le., Z e thkl: Ak-G, ,27h Ak G 27zk5Ak -y, 27l NZ 5N€ G

thl
Number of atoms
in the crystal
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4. Previous calculation is for a Bravais lattice, now
we calculate the scattering from a crystal with basis

d;: location of the j-th atom in a unit cell

Eg., honeycomb lattice e
3 o \\. °
\\\ a /
L W— Y
d =0,d,=a

atomic form factor
for the j-th atom

p I

— —iNk-(R+d ;)

AGLDN DIV
R \_j=1

[ -
—IAk- —iAk-d .
Ze R Z ;i€ o Structure factor (of the basis)
p - -
7 — —iGyyy-d;
=N 8y, - S6) Shiky= 2 fye "
G J=




oo o ®© © 06 0 0 0 0 o0 o e o 0 0 0o e o o
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Example: Diffraction condition of fcc lattice
Method 1 Fcc is a Bravais lattice.

The Laue condition is determined by its
reciprocal lattice, which is a bcc lattice.

Method 2 Fcc is a simple cubic lattice with 4 point basis
The Laue condition is determined by its
reciprocal lattice, which is a sc lattice,

as well as the structure factor of 4-atom basis. ¥ ~ NZ O -S(AE)
- s~ hkl
thl




Bragg Reciprocal lattice atom scattering crystal scattering
theory
Method2 W ~ N Z Opic S(Ak) G,, = hb, + kb, +1b, & Asclattice
(cont'd) G 4 e .
S(h,k,l) = Zfaje md; - Asclattice
d, =0,
G 4 4 5 4 4 5 4 4
2 2777 2 277 2 2
The structure factor for the 4-point basis
S(h k.l = |:1+e—i7r(h+k)+e—i7r(k+l) +e—m(1+h)} _ _ |
(h.k,0) =1, Reciprocal lattice, also a sc lattice
o o
{ = 4f, when h,k,l are all odd or all even
= 0 otherwise Destructive
interference ¢ 2
o

Eliminate the points in the

reciprocal lattice with S=0. ® °
The result is a bcc lattice, agrees

with Method 1.
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Atomic form factor and intensity of diffraction

T T T
‘ V20000

Incident beam o
from x-ray tube
or reactor

Kl fK ~ fC/
cubic lattice with
lattice const. a/2

*
> 4{ (420) (222)
/ % ' (400)

(220)

Monochromating 4 H\ I A f\k J‘l J\_- "
crystal x === |
/ 20 — ; — T . -
{20000
FRl e, e T Ty
main beam
- fcc lattice
h,k,l all even or
all odd
(111}
(420) (229
(4N}
b h (311 ’\
1331 J L.M
ik Fiid B0 30 G a0 20°

-— 20

SC with 2-atom basis
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Summary

h+1*+k* 01 234 56 8 91011121314 16171819202]122e 24

sC

bce

fce

(Prob.8) diamond
cubic

. 3.4 Permitted diffracted beams in cubic systems are characterized by the
values of h*+ k*+ [>. The figure shows how the addition of a basis to the simple
cubic primitive cell reduces the number of allowed beams, increasingly the more
atoms in the basis. Note the regular sequence of each pattern. The correct angular

separations are not reproduced in this diagram. Myers

* Find out the structure factor of the honeycomb structure, then draw its
reciprocal structure. Different points in the reciprocal structure may have
different structure factors. Draw a larger dots if the associated |S|* is larger.
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Ewald construction  (Ewald {#E%)

Laue’s diffraction condition: k' = k + G,

e Given an incident k, want to find a k’ that satisfies this condition

(under the constraint |k’|=|k|)

* One problem: there are infinitely many G, ’s.

* It's convenient to solve it graphically using the Ewald construction

More than one (or none)
« =« = Solutions may be found.

Reciprocal lattice
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theory .

When you rotate a crystal, its reciprocal lattice rotates
the same amount as well.

Incident
Beam

http://capsicum.me.utexas.edu/ChE386K/docs/28 The Laue Experiment.ppt
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* Braggs’ theory of diffraction
» Reciprocal lattice
 Laue’s theory of diffraction

» Bragg theory = Laue theory
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crystal scattering
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atom scattering
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Reciprocal lattice

Bragg
theory

Geometrical relation between G,,, vector and (hk/) planes
(Prob.2)

(h,k,l) planes L G,, = hb, + kb, +Ib,

Pf: (h,k,l)zm(l,l,l]

Xy z
)
vV, =—ad, ——d
! 1 3
h [
J
vV, =—a, ——d
p 2 3
L k /
G, v =0
nd "1
:)_»
wa " Vo T

|

o Gy, L (h,k,l)-plane

Cf: [hk,I]=ha, + ki, +1a,
G, = hb, + kb, +1b,
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Reciprocal lattice atom scattering crystal scattering Laue=Bragg

Inter-plane distance
+ G

(kD) lattice .~ | /"R' :?}dhkl

planes /

G,,-R=27nn (n could be any integer)
— éhkl ‘R =27n/ | éhkl |

. inter-plane distance d,,,= 27/ | @hk, |

For a cubic lattice G = npy + kb, +1b,

2

——(hfc+kf/+lf)
a
J - a
hkl_\/h2+k2+lz (Prob.1)

* In general, planes with higher index have smaller inter-plane distance
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Laue condition = Bragg condition

* From the Laue condition, we have N
G thl
kG =——" & “““

» Given k and G, ,,, we can find the diffracted wave vector k’

k k’
\ 0’ . a(hkl)-lattice plane

* It's easy to see that 6 = 0’ because |k|=|k’|.
2 If G, exists, then

By using 2ksmné&=G,, = d_(x ”) nG,,, also exists
ikl

and k:2—7z,
A

=12d,,,sin 0 = nA. Bragg diffraction condition
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theory

Another view of the Laue condition

=~ A G
k-G :i%

(If G, exists, then -G, also exists)

.". The k vector that points to the plane bi-secting a G, vector
will be diffracted.
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theory

First Brillouin zone (later, there will be higher BZs)

Det: |t is the Wigner-Seitz cell

of the reciprocal lattice

1-dim

1t BZ

.

—_—

Reciprocal lattice
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2-dim

Triangle lattice

direct lattice

e o 0 0 o
atom scattering

®© © 0 0 0 0 0 o o
crystal scattering

reciprocal lattice

e 0o 0 0
Laue=Bragg

BZ
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3-dim
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Reciprocal lattice atom scattering crystal scattering Laue=Bragg BZ

The first BZ of fcc lattice (its reciprocal lattice is bcc lattice)

41t/a

4m/a {




